
Early Universe
Universe expands with scale factor a(t)

Einstein:

H2 =
(

ȧ(t)
a(t)

)2
= 8π

3 Gρ

hot:

kBT ! mc2

pc ! mc2

neglect µ



Early Universe
ρb = ds

2π2

∫∞
0

(!kc)k2dk
e!kc/kBT−1

ρf = ds
2π2

∫∞
0

(!kc)k2dk
e!kc/kBT +1

∫∞
0 dx xν−1

eax−1 = a−ν Γ(ν)ζ(ν)∫∞
0 dx xν−1

eax+1 = (1− 21−ν) a−ν Γ(ν)ζ(ν)

ρb = dsπ2

30 T 4

ρf = 7
8

dsπ2

30 T 4

energy density ⇒ expansion rate

⇒ relative abundance of He, D, Li

requires Nν = 3± 0.1

LEP found Nν = 2.994± 0.012



Planck Distribution
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2006 Mather and Smoot



Bose -Einstein Condensation
nb(ε) = 1

e(ε−µ)/kBT−1
> 0

e(ε−µ)/kBT > 1

(ε− µ) > 0

for any allowed ε

ε >µ (T )

for free particles

ε = !2k2

2m ≥ 0

µ(T ) < 0



Bose -Einstein Condensation
fixed N , V and vary T

N
V = 1

2π2

∫∞
0

k2 dk
e(!2k2/(2m)−µ)/kBT−1

T ↓ requires
(

!2k2

2m − µ
)
↓

T ↓ requires µ ↑

But µ(T ) < 0

at Tc, µ(Tc) = 0



Bose-Einstein 
Condensation



Bose -Einstein Condensation
N
V = 1

2π2

∫∞
0

k2 dk
e(!2k2/(2m))/kBT−1

k =
√
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√

x
!
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√
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2 !

dx√
x

N
V = 1

4π2

(
2mkBTc

!2

)3/2 ∫∞
0

√
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ex−1

= 1
4π2

(
2mkBTc

!2

)3/2
Γ( 3

2 )ζ( 3
2 )

= 1
8

(
2mkBTc

π!2

)3/2
2.612

Tc = 2π!2

mkB

(
N

2.612V

)2/3

for 4He:
N
V = 0.15 g/cm3 1

4·1.67×10−27kg/atom = 2.2× 108 1/m3

Tc = 3.1K

Tc,exp = 2.17K
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