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The Manifest Geometry of One Collision
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The Hidden Geometry of Particle Collisions

[Komiske, Metodiev, JDT, JHEP 2020]
[Brandt, Peyrou, Sosnowski, Wroblewski, PL 1964; Farhi, PRL 1977]

One Electron-Positron Event

E.g. Classic QCD Event Shapes

Distance to a Manifold in Event Space

M
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https://arxiv.org/abs/2004.04159
https://www.sciencedirect.com/science/article/abs/pii/003191636491176X
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.39.1587
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Patrick KomiskeEric Metodiev

Scenes from My Sabbatical

[February 2019;
Simons Sabbatical Fellowship]
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What is a Collider Event?

When are Events Similar?

What can be Geometrized?
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Outline



7Jesse Thaler (MIT) — The Hidden Geometry of Particle Collisions

Pause

Interrupt me or drop questions in the chat, and I’ll try to answer them as I go

of 49
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T E H MCollider Event
Collection of points in (momentum) space
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[Popular Science, 2013]

Point Cloud
Collection of points in (position) space

https://www.popsci.com/cars/article/2013-09/google-self-driving-car
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Jet Formation from QCD

Detection

p

p

Composite Hadrons

Quarks & Gluons

[see e.g. Sveshnikov, Tkachov, PLB 1996; Hofman, Maldacena, JHEP 2008; Mateu, Stewart, JDT, PRD 2013;
Belitsky, Hohenegger, Korchemsky, Sokatchev, Zhiboedov, PRL 2014; Chen, Moult, Zhang, Zhu, PRD 2020]

Theory

Ê

Energy Flow:
Ê ' lim

t→∞

n̂iT
0i(t, vtn̂)

Robust to hadronization and detector effects
Well-defined for massless gauge theories

https://arxiv.org/abs/hep-ph/9512370
https://arxiv.org/abs/0803.1467
https://arxiv.org/abs/1209.3781
https://arxiv.org/abs/1311.6800
https://arxiv.org/abs/2004.11381
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Jets as Weighted Point Clouds

Energy Direction

•  Equivalently:  Energy Density

ρ(n̂) =
X

i∈J

Ei δ
(2)(n̂− n̂i)
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•  Energy-Weighted Directions

~p = {E, n̂x, n̂y, n̂z}
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Energy Direction

(suppressing “unsafe” charge/flavor information)

Ê
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What is a Collider Event?

“Calo” Energy Density

E(n̂) =
X

i

Ei δ(n̂− n̂i)
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Pause

(see backup for relevance to ML and QCD)



Jesse Thaler (MIT) — The Hidden Geometry of Particle Collisions

What is a Collider Event?

When are Events Similar?

What can be Geometrized?

14
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How “close” are these? 

Two Collider Events
Two collections of points in (momentum) space

8.5 km?
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Similarity of Two Energy Flows?
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125.4 GeV

[Komiske, Metodiev, JDT, PRL 2019; code at Komiske, Metodiev, JDT, energyflow.network]

Earth Mover’s Distance
a.k.a. 1-Wasserstein metric

Optimal Transport: 

E(n̂) =
X

i

Ei δ(n̂− n̂i)
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http://dx.doi.org/10.1103/PhysRevLett.123.041801
http://energyflow.network/
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The Earth Mover’s Distance

[Peleg, Werman, Rom, IEEE 1989;
Rubner, Tomasi, Guibas, ICCV 1998, ICJV 2000;

Pele, Werman, ECCV 2008; Pele Taskar, GSI 2013]

Optimal Transport: Minimum “work” (stuff x distance) to make
one distribution look like another distribution

[h/t Niles-Weed, ML4Jets 2020; Monge, 1781; Vaseršteĭn,1969; Wikipedia]

Déblai Remblai

https://ieeexplore.ieee.org/document/192468
https://ieeexplore.ieee.org/document/710701
https://link.springer.com/article/10.1023/A:1026543900054
https://link.springer.com/chapter/10.1007/978-3-540-88690-7_37
https://link.springer.com/chapter/10.1007/978-3-642-40020-9_43
https://indico.cern.ch/event/809820/contributions/3632620/
https://fr.wikipedia.org/wiki/Terrassement
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The Earth Mover’s Distance

[Peleg, Werman, Rom, IEEE 1989;
Rubner, Tomasi, Guibas, ICCV 1998, ICJV 2000;

Pele, Werman, ECCV 2008; Pele Taskar, GSI 2013]

Optimal Transport: Minimum “work” (stuff x distance) to make
one distribution look like another distribution

Additive Weight:

Ground Distance:

Déblai Remblai

Distance Between
Distributions⇒

[h/t Niles-Weed, ML4Jets 2020; Monge, 1781; Vaseršteĭn,1969; Wikipedia]

https://ieeexplore.ieee.org/document/192468
https://ieeexplore.ieee.org/document/710701
https://link.springer.com/article/10.1023/A:1026543900054
https://link.springer.com/chapter/10.1007/978-3-540-88690-7_37
https://link.springer.com/chapter/10.1007/978-3-642-40020-9_43
https://indico.cern.ch/event/809820/contributions/3632620/
https://fr.wikipedia.org/wiki/Terrassement
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EMD: 125.4 GeV

Top Jet 1 Top Jet 2

[Komiske, Metodiev, JDT, PRL 2019;
see also Pele, Werman, ECCV 2008; Pele, Taskar, GSI 2013;

[see flavored variant in Crispim Romão, Castro, Milhano, Pedro, Vale, arXiv 2020]
[see computational speed up in Cai, Cheng, Craig, Craig, arXiv 2020]

EMD(E , E 0) = min
{f}

X

i

X

j

fij
θij
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+
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Optimal transport between energy flows…

Cost to create energyCost to move energyin GeV

The Energy Mover’s Distance Ei
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E
0

j
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fij
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θij
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…defines a metric on the space of events

E
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E 0
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E 00
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(assuming R ≥ θmax/2, i.e. R ≥ jet radius for conical jets)

0 ≤ EMD(E , E 0) ≤ EMD(E , E 00) + EMD(E 0
, E

00)
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https://arxiv.org/abs/1902.02346
https://link.springer.com/chapter/10.1007/978-3-540-88690-7_37
https://link.springer.com/chapter/10.1007/978-3-642-40020-9_43
https://arxiv.org/abs/2004.09360
https://arxiv.org/abs/2008.08604
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Similarity of Three Energy Flows? ρ(n̂) =
X

i∈J

Ei δ
(2)(n̂− n̂i)
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122.5 GeV 158.7 GeV

205.8 GeV

[Komiske, Metodiev, JDT, PRL 2019; code at Komiske, Metodiev, JDT, energyflow.network;
see alternative graph network approach in Mullin, Pacey, Parker, White, Williams, arXiv 2019]

[Chu, MIT News July 2019]

http://dx.doi.org/10.1103/PhysRevLett.123.041801
http://energyflow.network/
https://arxiv.org/abs/1912.10625
http://news.mit.edu/2019/new-physics-anomalous-particles-0726
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Dimensionality of Space of Jets

[Grassberger, Procaccia, PRL 1983; Kégl, NIPS 2002]

Nneighbors(r) ∼ r
dim
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dim(r) ∼ r
∂

∂r
lnNneighbors(r)
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⇒

(a) D≃ 0

(b) D≃ 2(c) D≃ 1

(d) D≃ 2

dim≃0

dim≃1 dim≃2

dim≃2
(eventually 0)

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.50.346
http://papers.nips.cc/paper/2290-intrinsic-dimension-estimation-using-packing-numbers
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Dimensionality of Space of Jets

[Grassberger, Procaccia, PRL 1983; Kégl, NIPS 2002]

Nneighbors(r) ∼ r
dim
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https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.50.346
http://papers.nips.cc/paper/2290-intrinsic-dimension-estimation-using-packing-numbers


23Jesse Thaler (MIT) — The Hidden Geometry of Particle Collisions

Dimensionality of Space of Jets

[Grassberger, Procaccia, PRL 1983; Kégl, NIPS 2002]

Nneighbors(r) ∼ r
dim
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https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.50.346
http://papers.nips.cc/paper/2290-intrinsic-dimension-estimation-using-packing-numbers
https://arxiv.org/abs/1908.08542
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When are Events Similar?

Small Energy Mover’s Distance
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Pause

(see backup for more applications)
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What is a Collider Event?

When are Events Similar?

What can be Geometrized?
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Master Formula for Collider Physics

cross section phase space amplitude observable

σobs '
1

2E2

CM

∞X
n=2

Z
dΦn |MAB→12...n|

2 fobs(Φn)
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<latexit sha1_base64="wRAE5ad95VGdLvG/Ha46Rd5kfeE=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEVyWjrW13BTcuK9gHtKVk0kwbmskMSUYow/yCP+BW/8CduPUf/AG/w7RVsKIHAodz7uWeHC8SXBuM352V1bX1jc3MVnZ7Z3cvl98/aOkwVpQ1aShC1fGIZoJL1jTcCNaJFCOBJ1jbm1zN/PYdU5qH8tZMI9YPyEhyn1NirDTI53oBMWNKRNJIB4mbDvIFXCxjt1auoQW5wJZgt1QpXyK3iOco1I9gjsYg/9EbhjQOmDRUEK27Lo5MPyHKcCpYmu3FmkWETsiIdS2VJGC6n8yDp+jUKkPkh8o+adBc/bmRkEDraeDZyVlM/dubiX953dj41X7CZRQbJunikB8LZEI0awENuWLUiKklhCpusyI6JopQY7tauuKzqQyiNGuL+f49+p+0zosuLro3pUK9umgIMnAMJ3AGLlSgDtfQgCZQiOEBHuHJuXeenRfndTG64nztHMISnLdPbpWcVQ==</latexit><latexit sha1_base64="wRAE5ad95VGdLvG/Ha46Rd5kfeE=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEVyWjrW13BTcuK9gHtKVk0kwbmskMSUYow/yCP+BW/8CduPUf/AG/w7RVsKIHAodz7uWeHC8SXBuM352V1bX1jc3MVnZ7Z3cvl98/aOkwVpQ1aShC1fGIZoJL1jTcCNaJFCOBJ1jbm1zN/PYdU5qH8tZMI9YPyEhyn1NirDTI53oBMWNKRNJIB4mbDvIFXCxjt1auoQW5wJZgt1QpXyK3iOco1I9gjsYg/9EbhjQOmDRUEK27Lo5MPyHKcCpYmu3FmkWETsiIdS2VJGC6n8yDp+jUKkPkh8o+adBc/bmRkEDraeDZyVlM/dubiX953dj41X7CZRQbJunikB8LZEI0awENuWLUiKklhCpusyI6JopQY7tauuKzqQyiNGuL+f49+p+0zosuLro3pUK9umgIMnAMJ3AGLlSgDtfQgCZQiOEBHuHJuXeenRfndTG64nztHMISnLdPbpWcVQ==</latexit><latexit sha1_base64="wRAE5ad95VGdLvG/Ha46Rd5kfeE=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEVyWjrW13BTcuK9gHtKVk0kwbmskMSUYow/yCP+BW/8CduPUf/AG/w7RVsKIHAodz7uWeHC8SXBuM352V1bX1jc3MVnZ7Z3cvl98/aOkwVpQ1aShC1fGIZoJL1jTcCNaJFCOBJ1jbm1zN/PYdU5qH8tZMI9YPyEhyn1NirDTI53oBMWNKRNJIB4mbDvIFXCxjt1auoQW5wJZgt1QpXyK3iOco1I9gjsYg/9EbhjQOmDRUEK27Lo5MPyHKcCpYmu3FmkWETsiIdS2VJGC6n8yDp+jUKkPkh8o+adBc/bmRkEDraeDZyVlM/dubiX953dj41X7CZRQbJunikB8LZEI0awENuWLUiKklhCpusyI6JopQY7tauuKzqQyiNGuL+f49+p+0zosuLro3pUK9umgIMnAMJ3AGLlSgDtfQgCZQiOEBHuHJuXeenRfndTG64nztHMISnLdPbpWcVQ==</latexit><latexit sha1_base64="Xu6qyMwXUDRo7AELMH4Gui+m1Rc=">AAACDHicdVDLSgMxFM34rPXRUZdugkVwVRJtbbsruHFZwT6gLSWTZtrQTGZIMsIwzC/4A271D9yJW//BH/A7TB+CFT0QOJxzL/fkeJHg2iD04aytb2xubed28rt7+wcF9/CorcNYUdaioQhV1yOaCS5Zy3AjWDdSjASeYB1vej3zO/dMaR7KO5NEbBCQseQ+p8RYaegW+gExE0pE2syGKc6GbhGVKgjXK3W4IJfIEoTL1coVxCU0RxEs0Ry6n/1RSOOASUMF0bqHUWQGKVGGU8GyfD/WLCJ0SsasZ6kkAdODdB48g2dWGUE/VPZJA+fqz42UBFongWcnZzH1b28m/uX1YuPXBimXUWyYpItDfiygCeGsBTjiilEjEksIVdxmhXRCFKHGdrVyxWeJDKIsb4v5/j38n7QvShiV8G252KgtK8qBE3AKzgEGVdAAN6AJWoCCGDyCJ/DsPDgvzqvzthhdc5Y7x2AFzvsX9dqcAQ==</latexit>

P2
<latexit sha1_base64="HCtUNp3JQxizVnLfnOcMYXRPGOE=">AAACDHicdVDLSgMxFL3js9ZXfezcBIvgqmRa7WNXcOOygq1COwyZNKPBTGZIMkIZ5hf8Abf6B+7Erf/gD/gdZloFFT0QOJxzL/fkBIng2mD85szNLywuLZdWyqtr6xubla3tgY5TRVmfxiJWlwHRTHDJ+oYbwS4TxUgUCHYR3JwU/sUtU5rH8txMEuZF5ErykFNirORXNkcRMdeUiKyX+1k99ytVXMPN404DI1w7xm6r07EE42a7UUeuJQWq3V2YoudX3kfjmKYRk4YKovXQxYnxMqIMp4Ll5VGqWULoDbliQ0sliZj2smnwHB1YZYzCWNknDZqq3zcyEmk9iQI7WcTUv71C/MsbpiZsexmXSWqYpLNDYSqQiVHRAhpzxagRE0sIVdxmRfSaKEKN7erHlZBNZJTkZVvM1+/R/2RQr7m45p4dVbvtWUNQgj3Yh0NwoQVdOIUe9IFCCvfwAI/OnfPkPDsvs9E553NnB37Aef0AdLWcWQ==</latexit><latexit sha1_base64="HCtUNp3JQxizVnLfnOcMYXRPGOE=">AAACDHicdVDLSgMxFL3js9ZXfezcBIvgqmRa7WNXcOOygq1COwyZNKPBTGZIMkIZ5hf8Abf6B+7Erf/gD/gdZloFFT0QOJxzL/fkBIng2mD85szNLywuLZdWyqtr6xubla3tgY5TRVmfxiJWlwHRTHDJ+oYbwS4TxUgUCHYR3JwU/sUtU5rH8txMEuZF5ErykFNirORXNkcRMdeUiKyX+1k99ytVXMPN404DI1w7xm6r07EE42a7UUeuJQWq3V2YoudX3kfjmKYRk4YKovXQxYnxMqIMp4Ll5VGqWULoDbliQ0sliZj2smnwHB1YZYzCWNknDZqq3zcyEmk9iQI7WcTUv71C/MsbpiZsexmXSWqYpLNDYSqQiVHRAhpzxagRE0sIVdxmRfSaKEKN7erHlZBNZJTkZVvM1+/R/2RQr7m45p4dVbvtWUNQgj3Yh0NwoQVdOIUe9IFCCvfwAI/OnfPkPDsvs9E553NnB37Aef0AdLWcWQ==</latexit><latexit sha1_base64="HCtUNp3JQxizVnLfnOcMYXRPGOE=">AAACDHicdVDLSgMxFL3js9ZXfezcBIvgqmRa7WNXcOOygq1COwyZNKPBTGZIMkIZ5hf8Abf6B+7Erf/gD/gdZloFFT0QOJxzL/fkBIng2mD85szNLywuLZdWyqtr6xubla3tgY5TRVmfxiJWlwHRTHDJ+oYbwS4TxUgUCHYR3JwU/sUtU5rH8txMEuZF5ErykFNirORXNkcRMdeUiKyX+1k99ytVXMPN404DI1w7xm6r07EE42a7UUeuJQWq3V2YoudX3kfjmKYRk4YKovXQxYnxMqIMp4Ll5VGqWULoDbliQ0sliZj2smnwHB1YZYzCWNknDZqq3zcyEmk9iQI7WcTUv71C/MsbpiZsexmXSWqYpLNDYSqQiVHRAhpzxagRE0sIVdxmRfSaKEKN7erHlZBNZJTkZVvM1+/R/2RQr7m45p4dVbvtWUNQgj3Yh0NwoQVdOIUe9IFCCvfwAI/OnfPkPDsvs9E553NnB37Aef0AdLWcWQ==</latexit><latexit sha1_base64="KOxF7/xLsYdqqJTwGj/l/E7wiKw=">AAACDHicdVDLSgMxFM34rPXRqks3wSK4KpnWvnYFNy4r2Ae0w5BJM21oJjMkGaEM8wv+gFv9A3fi1n/wB/wOM20FK3ogcDjnXu7J8SLOlEbow9rY3Nre2c3t5fcPDo8KxeOTngpjSWiXhDyUAw8rypmgXc00p4NIUhx4nPa92XXm9++pVCwUd3oeUSfAE8F8RrA2klssjAKspwTzpJO6SSV1iyVURvVaq4ogKteQ3Wi1DEGo3qxWoG1IhhJYoeMWP0fjkMQBFZpwrNTQRpF2Eiw1I5ym+VGsaITJDE/o0FCBA6qcZBE8hRdGGUM/lOYJDRfqz40EB0rNA89MZjHVby8T//KGsfabTsJEFGsqyPKQH3OoQ5i1AMdMUqL53BBMJDNZIZliiYk2Xa1d8elcBFGaN8V8/x7+T3qVso3K9u1Vqd1cVZQDZ+AcXAIbNEAb3IAO6AICYvAInsCz9WC9WK/W23J0w1rtnII1WO9f+/qcBQ==</latexit>

P3

<latexit sha1_base64="+SHYSrABxIxjhGoGJu2YjyFLKXc=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEV0OmPlp3BTcuK9gqtKVk0kwbzGSGJCMMw/yCP+BW/8CduPUf/AG/w7SjoKIHAodz7uWeHD8WXBuM35y5+YXFpeXSSnl1bX2jUt3c6uooUZR1aCQide0TzQSXrGO4Eew6VoyEvmBX/s3Z1L+6ZUrzSF6aNGaDkIwlDzglxkrDaqUfEjOhRGTtfJgd5sNqDbv45Mirewi7x9hr1nFBThuHyHPxDLXWDszQHlbf+6OIJiGThgqidc/DsRlkRBlOBcvL/USzmNAbMmY9SyUJmR5ks+A52rfKCAWRsk8aNFO/b2Qk1DoNfTs5jal/e1PxL6+XmKA5yLiME8MkLQ4FiUAmQtMW0IgrRo1ILSFUcZsV0QlRhBrb1Y8rAUtlGOdlW8zX79H/pFt3Pex6F0e1VrNoCEqwC3twAB40oAXn0IYOUEjgHh7g0blznpxn56UYnXM+d7bhB5zXD1p2nEg=</latexit><latexit sha1_base64="+SHYSrABxIxjhGoGJu2YjyFLKXc=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEV0OmPlp3BTcuK9gqtKVk0kwbzGSGJCMMw/yCP+BW/8CduPUf/AG/w7SjoKIHAodz7uWeHD8WXBuM35y5+YXFpeXSSnl1bX2jUt3c6uooUZR1aCQide0TzQSXrGO4Eew6VoyEvmBX/s3Z1L+6ZUrzSF6aNGaDkIwlDzglxkrDaqUfEjOhRGTtfJgd5sNqDbv45Mirewi7x9hr1nFBThuHyHPxDLXWDszQHlbf+6OIJiGThgqidc/DsRlkRBlOBcvL/USzmNAbMmY9SyUJmR5ks+A52rfKCAWRsk8aNFO/b2Qk1DoNfTs5jal/e1PxL6+XmKA5yLiME8MkLQ4FiUAmQtMW0IgrRo1ILSFUcZsV0QlRhBrb1Y8rAUtlGOdlW8zX79H/pFt3Pex6F0e1VrNoCEqwC3twAB40oAXn0IYOUEjgHh7g0blznpxn56UYnXM+d7bhB5zXD1p2nEg=</latexit><latexit sha1_base64="+SHYSrABxIxjhGoGJu2YjyFLKXc=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEV0OmPlp3BTcuK9gqtKVk0kwbzGSGJCMMw/yCP+BW/8CduPUf/AG/w7SjoKIHAodz7uWeHD8WXBuM35y5+YXFpeXSSnl1bX2jUt3c6uooUZR1aCQide0TzQSXrGO4Eew6VoyEvmBX/s3Z1L+6ZUrzSF6aNGaDkIwlDzglxkrDaqUfEjOhRGTtfJgd5sNqDbv45Mirewi7x9hr1nFBThuHyHPxDLXWDszQHlbf+6OIJiGThgqidc/DsRlkRBlOBcvL/USzmNAbMmY9SyUJmR5ks+A52rfKCAWRsk8aNFO/b2Qk1DoNfTs5jal/e1PxL6+XmKA5yLiME8MkLQ4FiUAmQtMW0IgrRo1ILSFUcZsV0QlRhBrb1Y8rAUtlGOdlW8zX79H/pFt3Pex6F0e1VrNoCEqwC3twAB40oAXn0IYOUEjgHh7g0blznpxn56UYnXM+d7bhB5zXD1p2nEg=</latexit><latexit sha1_base64="MaytutUC5MdqJ1qepYQVLb7QUss=">AAACDHicdVDLSgMxFM34rPXRUZdugkVwNWTaauuu4MZlBfuAdhgyaaYNzWSGJCOUYX7BH3Crf+BO3PoP/oDfYfoQrOiBwOGce7knJ0g4UxqhD2ttfWNza7uwU9zd2z8o2YdHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk+uZ372nUrFY3OlpQr0IjwQLGcHaSL5dGkRYjwnmWSv3s2ru22XkoMuaW3Ehci6Q26igBbmqV6HroDnKYImWb38OhjFJIyo04VipvosS7WVYakY4zYuDVNEEkwke0b6hAkdUedk8eA7PjDKEYSzNExrO1Z8bGY6UmkaBmZzFVL+9mfiX10912PAyJpJUU0EWh8KUQx3DWQtwyCQlmk8NwUQykxWSMZaYaNPVypWQTkWU5EVTzPfv4f+kU3Fc5Li3tXKzsayoAE7AKTgHLqiDJrgBLdAGBKTgETyBZ+vBerFerbfF6Jq13DkGK7DevwDhu5v0</latexit>

E

<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>

O

<latexit sha1_base64="rVPSFT0/LT/ZtFtiMLZrAq8saKA=">AAACMXicbVDLSsNAFL2pr1pf8bFzEyyCCymJFOyy4MadFWwtpKFMppN26GQSZiZCCfkRf8MfcKt/0J24cONPOEkr2NYDA4dz7p17OH7MqFS2PTVKa+sbm1vl7crO7t7+gXl41JFRIjBp44hFousjSRjlpK2oYqQbC4JCn5FHf3yT+49PREga8Qc1iYkXoiGnAcVIaalv1tNe8Ykrhr6X2jW7wOUKyXohUiOMWHqXZX2z+qtbq8SZk2rzBAq0+uZXbxDhJCRcYYakdB07Vl6KhKKYkazSSySJER6jIXE15Sgk0kuLYJl1rpWBFURCP66sQv27kaJQykno68k8o1z2cvE/z01U0PBSyuNEEY5nh4KEWSqy8qqsARUEKzbRBGFBdVYLj5BAWOlCF64EZMLDOKvoYpzlGlZJ56rm2DXnvl5tNmYNQRlO4QwuwIFraMIttKANGJ7hFd7g3XgxpsaH8TkbLRnznWNYgPH9AzBwpyg=</latexit><latexit sha1_base64="rVPSFT0/LT/ZtFtiMLZrAq8saKA=">AAACMXicbVDLSsNAFL2pr1pf8bFzEyyCCymJFOyy4MadFWwtpKFMppN26GQSZiZCCfkRf8MfcKt/0J24cONPOEkr2NYDA4dz7p17OH7MqFS2PTVKa+sbm1vl7crO7t7+gXl41JFRIjBp44hFousjSRjlpK2oYqQbC4JCn5FHf3yT+49PREga8Qc1iYkXoiGnAcVIaalv1tNe8Ykrhr6X2jW7wOUKyXohUiOMWHqXZX2z+qtbq8SZk2rzBAq0+uZXbxDhJCRcYYakdB07Vl6KhKKYkazSSySJER6jIXE15Sgk0kuLYJl1rpWBFURCP66sQv27kaJQykno68k8o1z2cvE/z01U0PBSyuNEEY5nh4KEWSqy8qqsARUEKzbRBGFBdVYLj5BAWOlCF64EZMLDOKvoYpzlGlZJ56rm2DXnvl5tNmYNQRlO4QwuwIFraMIttKANGJ7hFd7g3XgxpsaH8TkbLRnznWNYgPH9AzBwpyg=</latexit><latexit sha1_base64="rVPSFT0/LT/ZtFtiMLZrAq8saKA=">AAACMXicbVDLSsNAFL2pr1pf8bFzEyyCCymJFOyy4MadFWwtpKFMppN26GQSZiZCCfkRf8MfcKt/0J24cONPOEkr2NYDA4dz7p17OH7MqFS2PTVKa+sbm1vl7crO7t7+gXl41JFRIjBp44hFousjSRjlpK2oYqQbC4JCn5FHf3yT+49PREga8Qc1iYkXoiGnAcVIaalv1tNe8Ykrhr6X2jW7wOUKyXohUiOMWHqXZX2z+qtbq8SZk2rzBAq0+uZXbxDhJCRcYYakdB07Vl6KhKKYkazSSySJER6jIXE15Sgk0kuLYJl1rpWBFURCP66sQv27kaJQykno68k8o1z2cvE/z01U0PBSyuNEEY5nh4KEWSqy8qqsARUEKzbRBGFBdVYLj5BAWOlCF64EZMLDOKvoYpzlGlZJ56rm2DXnvl5tNmYNQRlO4QwuwIFraMIttKANGJ7hFd7g3XgxpsaH8TkbLRnznWNYgPH9AzBwpyg=</latexit><latexit sha1_base64="c3dlULjjkQs/xfG9TzGp85KsY9s=">AAACMXicbVDLSsNAFJ3UV62vqEs3g0VwISWRgl0W3Lizgn1AGspkOmmHTiZhZiKEkB/xN/wBt/oH3YkLN/6EkzSCbT0wcDjn3rmH40WMSmVZc6Oysbm1vVPdre3tHxwemccnPRnGApMuDlkoBh6ShFFOuooqRgaRICjwGOl7s9vc7z8RIWnIH1USETdAE059ipHS0shspsPiE0dMPDe1GlaBqzWSDQOkphix9D7LRmb9V4frxC5JHZTojMyv4TjEcUC4wgxJ6dhWpNwUCUUxI1ltGEsSITxDE+JoylFApJsWwTJ4oZUx9EOhH1ewUP9upCiQMgk8PZlnlKteLv7nObHyW25KeRQrwvHikB8zqEKYVwXHVBCsWKIJwoLqrBBPkUBY6UKXrvgk4UGU1XQx9moN66R33bCthv3QrLdbZUVVcAbOwSWwwQ1ogzvQAV2AwTN4BW/g3Xgx5saH8bkYrRjlzilYgvH9A7e1ptQ=</latexit>

E
0

<latexit sha1_base64="0o64kQWULZqPqWN7iJFUCGwJWeI=">AAACB3icdVDLSgMxFL1TX7W+6mPnJlhEV2VGhNZdQQSXFWwttEPJpJk2NJMJSUYYhn6AP+BW/8CduPUz/AG/w3SqYH0cCBzOuZd7cgLJmTau++YUFhaXlleKq6W19Y3NrfL2TlvHiSK0RWIeq06ANeVM0JZhhtOOVBRHAac3wfh86t/cUqVZLK5NKqkf4aFgISPYWKnXi7AZEcyzi8lRv1xxq2c11wL9Jl7VzVFp7EGOZr/83hvEJImoMIRjrbueK42fYWUY4XRS6iWaSkzGeEi7lgocUe1neeYJOrTKAIWxsk8YlKvfNzIcaZ1GgZ2cZtQ/van4l9dNTFj3MyZkYqggs0NhwpGJ0bQANGCKEsNTSzBRzGZFZIQVJsbWNHclpKmI5KRki/n6PfqftE+qnlv1rk4rjfqsISjCPhzAMXhQgwZcQhNaQEDCPTzAo3PnPDnPzststOB87uzCHJzXDw/pmoQ=</latexit><latexit sha1_base64="0o64kQWULZqPqWN7iJFUCGwJWeI=">AAACB3icdVDLSgMxFL1TX7W+6mPnJlhEV2VGhNZdQQSXFWwttEPJpJk2NJMJSUYYhn6AP+BW/8CduPUz/AG/w3SqYH0cCBzOuZd7cgLJmTau++YUFhaXlleKq6W19Y3NrfL2TlvHiSK0RWIeq06ANeVM0JZhhtOOVBRHAac3wfh86t/cUqVZLK5NKqkf4aFgISPYWKnXi7AZEcyzi8lRv1xxq2c11wL9Jl7VzVFp7EGOZr/83hvEJImoMIRjrbueK42fYWUY4XRS6iWaSkzGeEi7lgocUe1neeYJOrTKAIWxsk8YlKvfNzIcaZ1GgZ2cZtQ/van4l9dNTFj3MyZkYqggs0NhwpGJ0bQANGCKEsNTSzBRzGZFZIQVJsbWNHclpKmI5KRki/n6PfqftE+qnlv1rk4rjfqsISjCPhzAMXhQgwZcQhNaQEDCPTzAo3PnPDnPzststOB87uzCHJzXDw/pmoQ=</latexit><latexit sha1_base64="0o64kQWULZqPqWN7iJFUCGwJWeI=">AAACB3icdVDLSgMxFL1TX7W+6mPnJlhEV2VGhNZdQQSXFWwttEPJpJk2NJMJSUYYhn6AP+BW/8CduPUz/AG/w3SqYH0cCBzOuZd7cgLJmTau++YUFhaXlleKq6W19Y3NrfL2TlvHiSK0RWIeq06ANeVM0JZhhtOOVBRHAac3wfh86t/cUqVZLK5NKqkf4aFgISPYWKnXi7AZEcyzi8lRv1xxq2c11wL9Jl7VzVFp7EGOZr/83hvEJImoMIRjrbueK42fYWUY4XRS6iWaSkzGeEi7lgocUe1neeYJOrTKAIWxsk8YlKvfNzIcaZ1GgZ2cZtQ/van4l9dNTFj3MyZkYqggs0NhwpGJ0bQANGCKEsNTSzBRzGZFZIQVJsbWNHclpKmI5KRki/n6PfqftE+qnlv1rk4rjfqsISjCPhzAMXhQgwZcQhNaQEDCPTzAo3PnPDnPzststOB87uzCHJzXDw/pmoQ=</latexit><latexit sha1_base64="gegd3AJG8TEzIfq9YwTW3G7srgs=">AAACB3icdVDLSgMxFM34rPVVdekmWERXw4wIrbuCCC4r2Ad0hpJJM21okglJRijDfIA/4Fb/wJ249TP8Ab/DTFvB+jgQOJxzL/fkRJJRbTzv3VlaXlldWy9tlDe3tnd2K3v7bZ2kCpMWTliiuhHShFFBWoYaRrpSEcQjRjrR+LLwO3dEaZqIWzORJORoKGhMMTJWCgKOzAgjll3lJ/1K1XMvap4F/E1815uiCuZo9isfwSDBKSfCYIa07vmeNGGGlKGYkbwcpJpIhMdoSHqWCsSJDrNp5hweW2UA40TZJwycqt83MsS1nvDIThYZ9U+vEP/yeqmJ62FGhUwNEXh2KE4ZNAksCoADqgg2bGIJworarBCPkELY2JoWrsRkIrjMy7aYr9/D/0n7zPU91785rzbq84pK4BAcgVPggxpogGvQBC2AgQQP4BE8OffOs/PivM5Gl5z5zgFYgPP2CZcumjA=</latexit>

✏
<latexit sha1_base64="jgUrJhLGALjMeIyRRVBYIdUwEyk=">AAACLnicbZDLSsNAFIZP6q3WW73s3ASL4EJKIoJdFty4rGBboQ1lMj1ph04mYWYilJDn8DV8Abf6BoILcSc+htO0gm39YeDjP+fMOfx+zJnSjvNuFVZW19Y3ipulre2d3b3y/kFLRYmk2KQRj+S9TxRyJrCpmeZ4H0skoc+x7Y+uJ/X2A0rFInGnxzF6IRkIFjBKtLF6ZTft5p905MD3Uqfq5DpfgqyLsWI8ElmvXPk17WVwZ1CpH0GuRq/81e1HNAlRaMqJUh3XibWXEqkZ5ZiVuonCmNARGWDHoCAhKi/Nr8rsU+P07SCS5glt5+7fiZSESo1D33SGRA/VYm1i/lfrJDqoeSkTcaJR0OmiIOG2juxJTnafSaSajw0QKpm51aZDIgnVJs25LQGORRhnJROMuxjDMrQuqq5TdW8vK/XaNCEowjGcwBm4cAV1uIEGNIHCIzzDC7xaT9ab9WF9TlsL1mzmEOZkff8AvcOl4w==</latexit><latexit sha1_base64="jgUrJhLGALjMeIyRRVBYIdUwEyk=">AAACLnicbZDLSsNAFIZP6q3WW73s3ASL4EJKIoJdFty4rGBboQ1lMj1ph04mYWYilJDn8DV8Abf6BoILcSc+htO0gm39YeDjP+fMOfx+zJnSjvNuFVZW19Y3ipulre2d3b3y/kFLRYmk2KQRj+S9TxRyJrCpmeZ4H0skoc+x7Y+uJ/X2A0rFInGnxzF6IRkIFjBKtLF6ZTft5p905MD3Uqfq5DpfgqyLsWI8ElmvXPk17WVwZ1CpH0GuRq/81e1HNAlRaMqJUh3XibWXEqkZ5ZiVuonCmNARGWDHoCAhKi/Nr8rsU+P07SCS5glt5+7fiZSESo1D33SGRA/VYm1i/lfrJDqoeSkTcaJR0OmiIOG2juxJTnafSaSajw0QKpm51aZDIgnVJs25LQGORRhnJROMuxjDMrQuqq5TdW8vK/XaNCEowjGcwBm4cAV1uIEGNIHCIzzDC7xaT9ab9WF9TlsL1mzmEOZkff8AvcOl4w==</latexit><latexit sha1_base64="jgUrJhLGALjMeIyRRVBYIdUwEyk=">AAACLnicbZDLSsNAFIZP6q3WW73s3ASL4EJKIoJdFty4rGBboQ1lMj1ph04mYWYilJDn8DV8Abf6BoILcSc+htO0gm39YeDjP+fMOfx+zJnSjvNuFVZW19Y3ipulre2d3b3y/kFLRYmk2KQRj+S9TxRyJrCpmeZ4H0skoc+x7Y+uJ/X2A0rFInGnxzF6IRkIFjBKtLF6ZTft5p905MD3Uqfq5DpfgqyLsWI8ElmvXPk17WVwZ1CpH0GuRq/81e1HNAlRaMqJUh3XibWXEqkZ5ZiVuonCmNARGWDHoCAhKi/Nr8rsU+P07SCS5glt5+7fiZSESo1D33SGRA/VYm1i/lfrJDqoeSkTcaJR0OmiIOG2juxJTnafSaSajw0QKpm51aZDIgnVJs25LQGORRhnJROMuxjDMrQuqq5TdW8vK/XaNCEowjGcwBm4cAV1uIEGNIHCIzzDC7xaT9ab9WF9TlsL1mzmEOZkff8AvcOl4w==</latexit><latexit sha1_base64="nY45iuKraCLDFewaTX5iwTSikYs=">AAACLnicbZDLSsNAFIYn9VbrLerSTbAILqQkIthlwY3LCvYCTSiT6Uk7dDIJMxMhhDyHr+ELuNU3EFyIO/ExnKYRbOsPAx//OWfO4fdjRqWy7Xejsra+sblV3a7t7O7tH5iHR10ZJYJAh0QsEn0fS2CUQ0dRxaAfC8Chz6DnT29m9d4DCEkjfq/SGLwQjzkNKMFKW0PTydzik4EY+15mN+xCFyuQuxBLyiKeD836r2mtglNCHZVqD80vdxSRJASuCMNSDhw7Vl6GhaKEQV5zEwkxJlM8hoFGjkOQXlZclVtn2hlZQST048oq3L8TGQ6lTENfd4ZYTeRybWb+VxskKmh6GeVxooCT+aIgYZaKrFlO1ogKIIqlGjARVN9qkQkWmCid5sKWAFIexnlNB+Msx7AK3cuGYzecu6t6q1lGVEUn6BSdIwddoxa6RW3UQQQ9omf0gl6NJ+PN+DA+560Vo5w5Rgsyvn8ARReljw==</latexit>

δ

<latexit sha1_base64="CTit7owv6Rbo1QgImtmrLEJTECw=">AAACLHicbZDLSsNAFIZPvFtv8bJzEyyCC6mJCHZZcONSwVqhCWUyPWkHJ5MwMxFCyGP4Gr6AW30DNyJu+xxO0wpq/WHg4z/nzDn8YcqZ0q77bs3NLywuLa+s1tbWNza37O2dW5VkkmKbJjyRdyFRyJnAtmaa410qkcQhx054fzGudx5QKpaIG52nGMRkIFjEKNHG6tknhV990pWDMCjchlvpeAZKv49ck7Jn178tZxa8KdRbe1DpqmeP/H5CsxiFppwo1fXcVAcFkZpRjmXNzxSmhN6TAXYNChKjCorqptI5NE7fiRJpntBO5f6cKEisVB6HpjMmeqj+1sbmf7VupqNmUDCRZhoFnSyKMu7oxBmn5PSZRKp5boBQycytDh0SSag2Wf7aEmEu4rSsmWC8vzHMwu1pw3Mb3vVZvdWcJAQrsA8HcAQenEMLLuEK2kDhEZ7hBV6tJ+vN+rA+J61z1nRmF37JGn0B2F6k3w==</latexit><latexit sha1_base64="CTit7owv6Rbo1QgImtmrLEJTECw=">AAACLHicbZDLSsNAFIZPvFtv8bJzEyyCC6mJCHZZcONSwVqhCWUyPWkHJ5MwMxFCyGP4Gr6AW30DNyJu+xxO0wpq/WHg4z/nzDn8YcqZ0q77bs3NLywuLa+s1tbWNza37O2dW5VkkmKbJjyRdyFRyJnAtmaa410qkcQhx054fzGudx5QKpaIG52nGMRkIFjEKNHG6tknhV990pWDMCjchlvpeAZKv49ck7Jn178tZxa8KdRbe1DpqmeP/H5CsxiFppwo1fXcVAcFkZpRjmXNzxSmhN6TAXYNChKjCorqptI5NE7fiRJpntBO5f6cKEisVB6HpjMmeqj+1sbmf7VupqNmUDCRZhoFnSyKMu7oxBmn5PSZRKp5boBQycytDh0SSag2Wf7aEmEu4rSsmWC8vzHMwu1pw3Mb3vVZvdWcJAQrsA8HcAQenEMLLuEK2kDhEZ7hBV6tJ+vN+rA+J61z1nRmF37JGn0B2F6k3w==</latexit><latexit sha1_base64="CTit7owv6Rbo1QgImtmrLEJTECw=">AAACLHicbZDLSsNAFIZPvFtv8bJzEyyCC6mJCHZZcONSwVqhCWUyPWkHJ5MwMxFCyGP4Gr6AW30DNyJu+xxO0wpq/WHg4z/nzDn8YcqZ0q77bs3NLywuLa+s1tbWNza37O2dW5VkkmKbJjyRdyFRyJnAtmaa410qkcQhx054fzGudx5QKpaIG52nGMRkIFjEKNHG6tknhV990pWDMCjchlvpeAZKv49ck7Jn178tZxa8KdRbe1DpqmeP/H5CsxiFppwo1fXcVAcFkZpRjmXNzxSmhN6TAXYNChKjCorqptI5NE7fiRJpntBO5f6cKEisVB6HpjMmeqj+1sbmf7VupqNmUDCRZhoFnSyKMu7oxBmn5PSZRKp5boBQycytDh0SSag2Wf7aEmEu4rSsmWC8vzHMwu1pw3Mb3vVZvdWcJAQrsA8HcAQenEMLLuEK2kDhEZ7hBV6tJ+vN+rA+J61z1nRmF37JGn0B2F6k3w==</latexit><latexit sha1_base64="3pF/Jb7/cAnqPIgLpv26uMSvwlE=">AAACLHicbZDNSsNAFIUn9a/Wv6pLN4NFcCE1EcEuC25cVrCtkIQymd60QyeTMDMRSshj+Bq+gFt9AzcibvscTtsItvXAwMe59869nCDhTGnb/rRKa+sbm1vl7crO7t7+QfXwqKPiVFJo05jH8jEgCjgT0NZMc3hMJJAo4NANRrfTevcJpGKxeNDjBPyIDAQLGSXaWL3qZebNPnHlIPAzu27PdLECudcHrkneq9Z+LbwKTgE1VKjVq068fkzTCISmnCjlOnai/YxIzSiHvOKlChJCR2QArkFBIlB+Nrspx2fG6eMwluYJjWfu34mMREqNo8B0RkQP1XJtav5Xc1MdNvyMiSTVIOh8UZhyrGM8TQn3mQSq+dgAoZKZWzEdEkmoNlkubAlhLKIkr5hgnOUYVqFzVXfsunN/XWs2iojK6ASdonPkoBvURHeohdqIomf0it7Qu/VifVhf1ve8tWQVM8doQdbkB1+ypIs=</latexit>

T

<latexit sha1_base64="TC6ykknsu4FqYuOyx+QwJGdOM9s=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOyQl/QljKZTtqhk0mYmQghZO8PuNU/cCdu/Q1/wO9wkipYHwcuHM65l3vv8SLOlHacN6u0srq2vlHerGxt7+zuVfcPuiqMJaEdEvJQ9j2sKGeCdjTTnPYjSXHgcdrz5le537ulUrFQtHUS0VGAp4L5jGBtpMEwwHpGME/b2bhac+zLumOAfhPXdgrUmkdQoDWuvg8nIYkDKjThWKmB60R6lGKpGeE0qwxjRSNM5nhKB4YKHFA1SouTM3RqlAnyQ2lKaFSo3ydSHCiVBJ7pzE9UP71c/MsbxNpvjFImolhTQRaL/JgjHaL8fzRhkhLNE0MwkczcisgMS0y0SWlpi08TEURZxQTz9T36n3TPbdex3ZuLWrOxSAjKcAwncAYu1KEJ19CCDhAI4R4e4NG6s56sZ+tl0VqyPmcOYQnW6wfAKppi</latexit><latexit sha1_base64="TC6ykknsu4FqYuOyx+QwJGdOM9s=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOyQl/QljKZTtqhk0mYmQghZO8PuNU/cCdu/Q1/wO9wkipYHwcuHM65l3vv8SLOlHacN6u0srq2vlHerGxt7+zuVfcPuiqMJaEdEvJQ9j2sKGeCdjTTnPYjSXHgcdrz5le537ulUrFQtHUS0VGAp4L5jGBtpMEwwHpGME/b2bhac+zLumOAfhPXdgrUmkdQoDWuvg8nIYkDKjThWKmB60R6lGKpGeE0qwxjRSNM5nhKB4YKHFA1SouTM3RqlAnyQ2lKaFSo3ydSHCiVBJ7pzE9UP71c/MsbxNpvjFImolhTQRaL/JgjHaL8fzRhkhLNE0MwkczcisgMS0y0SWlpi08TEURZxQTz9T36n3TPbdex3ZuLWrOxSAjKcAwncAYu1KEJ19CCDhAI4R4e4NG6s56sZ+tl0VqyPmcOYQnW6wfAKppi</latexit><latexit sha1_base64="TC6ykknsu4FqYuOyx+QwJGdOM9s=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOyQl/QljKZTtqhk0mYmQghZO8PuNU/cCdu/Q1/wO9wkipYHwcuHM65l3vv8SLOlHacN6u0srq2vlHerGxt7+zuVfcPuiqMJaEdEvJQ9j2sKGeCdjTTnPYjSXHgcdrz5le537ulUrFQtHUS0VGAp4L5jGBtpMEwwHpGME/b2bhac+zLumOAfhPXdgrUmkdQoDWuvg8nIYkDKjThWKmB60R6lGKpGeE0qwxjRSNM5nhKB4YKHFA1SouTM3RqlAnyQ2lKaFSo3ydSHCiVBJ7pzE9UP71c/MsbxNpvjFImolhTQRaL/JgjHaL8fzRhkhLNE0MwkczcisgMS0y0SWlpi08TEURZxQTz9T36n3TPbdex3ZuLWrOxSAjKcAwncAYu1KEJ19CCDhAI4R4e4NG6s56sZ+tl0VqyPmcOYQnW6wfAKppi</latexit><latexit sha1_base64="TP+ZmacjDH4KIsz3ZEk5uOVu2c4=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwFRIRWncFNy4r9AVpKZPppB06jzAzEULI3h9wq3/gTtz6G/6A3+GkrWB9HLhwOOde7r0njBnVxvPendLa+sbmVnm7srO7t39QPTzqapkoTDpYMqn6IdKEUUE6hhpG+rEiiIeM9MLZdeH37ojSVIq2SWMy5GgiaEQxMlYKBhyZKUYsa+ejas1zr+qeBfxNfNebowaWaI2qH4OxxAknwmCGtA58LzbDDClDMSN5ZZBoEiM8QxMSWCoQJ3qYzU/O4ZlVxjCSypYwcK5+n8gQ1zrloe0sTtQ/vUL8ywsSEzWGGRVxYojAi0VRwqCRsPgfjqki2LDUEoQVtbdCPEUKYWNTWtkSkVTwOK/YYL6+h/+T7oXre65/e1lrNpYRlcEJOAXnwAd10AQ3oAU6AAMJHsAjeHLunWfnxXldtJac5cwxWIHz9glHfpoO</latexit>

T
0

<latexit sha1_base64="UYzj50ehFJVZ4zFLWtoVED1TcCs=">AAACB3icdVDLSsNAFL3xWeurPnZuBovoKiQitO4KblxW6AvaUCbTSTt0MgkzEyGEfoA/4Fb/wJ249TP8Ab/DSapgfRwYOJxzL/fM8WPOlHacN2tpeWV1bb20Ud7c2t7Zreztd1SUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT69yv3tLpWKRaOk0pl6Ix4IFjGBtpMEgxHpCMM9as9NhperYlzXHAP0mru0UqDYOoUBzWHkfjCKShFRowrFSfdeJtZdhqRnhdFYeJIrGmEzxmPYNFTikysuKzDN0YpQRCiJpntCoUL9vZDhUKg19M5lnVD+9XPzL6yc6qHsZE3GiqSDzQ0HCkY5QXgAaMUmJ5qkhmEhmsiIywRITbWpauBLQVITxrGyK+fo9+p90zm3Xsd2bi2qjPm8ISnAEx3AGLtSgAdfQhDYQiOEeHuDRurOerGfrZT66ZH3uHMACrNcPJ++akw==</latexit><latexit sha1_base64="UYzj50ehFJVZ4zFLWtoVED1TcCs=">AAACB3icdVDLSsNAFL3xWeurPnZuBovoKiQitO4KblxW6AvaUCbTSTt0MgkzEyGEfoA/4Fb/wJ249TP8Ab/DSapgfRwYOJxzL/fM8WPOlHacN2tpeWV1bb20Ud7c2t7Zreztd1SUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT69yv3tLpWKRaOk0pl6Ix4IFjGBtpMEgxHpCMM9as9NhperYlzXHAP0mru0UqDYOoUBzWHkfjCKShFRowrFSfdeJtZdhqRnhdFYeJIrGmEzxmPYNFTikysuKzDN0YpQRCiJpntCoUL9vZDhUKg19M5lnVD+9XPzL6yc6qHsZE3GiqSDzQ0HCkY5QXgAaMUmJ5qkhmEhmsiIywRITbWpauBLQVITxrGyK+fo9+p90zm3Xsd2bi2qjPm8ISnAEx3AGLtSgAdfQhDYQiOEeHuDRurOerGfrZT66ZH3uHMACrNcPJ++akw==</latexit><latexit sha1_base64="UYzj50ehFJVZ4zFLWtoVED1TcCs=">AAACB3icdVDLSsNAFL3xWeurPnZuBovoKiQitO4KblxW6AvaUCbTSTt0MgkzEyGEfoA/4Fb/wJ249TP8Ab/DSapgfRwYOJxzL/fM8WPOlHacN2tpeWV1bb20Ud7c2t7Zreztd1SUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT69yv3tLpWKRaOk0pl6Ix4IFjGBtpMEgxHpCMM9as9NhperYlzXHAP0mru0UqDYOoUBzWHkfjCKShFRowrFSfdeJtZdhqRnhdFYeJIrGmEzxmPYNFTikysuKzDN0YpQRCiJpntCoUL9vZDhUKg19M5lnVD+9XPzL6yc6qHsZE3GiqSDzQ0HCkY5QXgAaMUmJ5qkhmEhmsiIywRITbWpauBLQVITxrGyK+fo9+p90zm3Xsd2bi2qjPm8ISnAEx3AGLtSgAdfQhDYQiOEeHuDRurOerGfrZT66ZH3uHMACrNcPJ++akw==</latexit><latexit sha1_base64="eE4yOUN4thEvzVLQ7QphRH0EVIo=">AAACB3icdVDLSgMxFM34rPVVdekmWERXw4wIrbuCG5cV+oLOUDJppg1NMiHJCMPQD/AH3OofuBO3foY/4HeYaStYHwcCh3Pu5Z6cSDKqjee9Oyura+sbm6Wt8vbO7t5+5eCwo5NUYdLGCUtUL0KaMCpI21DDSE8qgnjESDeaXBd+944oTRPRMpkkIUcjQWOKkbFSEHBkxhixvDU9G1SqnntV8yzgb+K73gxVsEBzUPkIhglOOREGM6R13/ekCXOkDMWMTMtBqolEeIJGpG+pQJzoMJ9lnsJTqwxhnCj7hIEz9ftGjrjWGY/sZJFR//QK8S+vn5q4HuZUyNQQgeeH4pRBk8CiADikimDDMksQVtRmhXiMFMLG1rR0JSaZ4HJatsV8/R7+TzoXru+5/u1ltVFfVFQCx+AEnAMf1EAD3IAmaAMMJHgAj+DJuXeenRfndT664ix2jsASnLdPrzSaPw==</latexit>

ΣMD(T , T
0)

<latexit sha1_base64="xofHkiBOTDucggN7TnIqq6vjYbY="></latexit><latexit sha1_base64="xofHkiBOTDucggN7TnIqq6vjYbY="></latexit><latexit sha1_base64="xofHkiBOTDucggN7TnIqq6vjYbY="></latexit><latexit sha1_base64="NdUDAPKnmS9CSaJZimKRIWHZ910="></latexit>
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P3

<latexit sha1_base64="+SHYSrABxIxjhGoGJu2YjyFLKXc=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEV0OmPlp3BTcuK9gqtKVk0kwbzGSGJCMMw/yCP+BW/8CduPUf/AG/w7SjoKIHAodz7uWeHD8WXBuM35y5+YXFpeXSSnl1bX2jUt3c6uooUZR1aCQide0TzQSXrGO4Eew6VoyEvmBX/s3Z1L+6ZUrzSF6aNGaDkIwlDzglxkrDaqUfEjOhRGTtfJgd5sNqDbv45Mirewi7x9hr1nFBThuHyHPxDLXWDszQHlbf+6OIJiGThgqidc/DsRlkRBlOBcvL/USzmNAbMmY9SyUJmR5ks+A52rfKCAWRsk8aNFO/b2Qk1DoNfTs5jal/e1PxL6+XmKA5yLiME8MkLQ4FiUAmQtMW0IgrRo1ILSFUcZsV0QlRhBrb1Y8rAUtlGOdlW8zX79H/pFt3Pex6F0e1VrNoCEqwC3twAB40oAXn0IYOUEjgHh7g0blznpxn56UYnXM+d7bhB5zXD1p2nEg=</latexit><latexit sha1_base64="+SHYSrABxIxjhGoGJu2YjyFLKXc=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEV0OmPlp3BTcuK9gqtKVk0kwbzGSGJCMMw/yCP+BW/8CduPUf/AG/w7SjoKIHAodz7uWeHD8WXBuM35y5+YXFpeXSSnl1bX2jUt3c6uooUZR1aCQide0TzQSXrGO4Eew6VoyEvmBX/s3Z1L+6ZUrzSF6aNGaDkIwlDzglxkrDaqUfEjOhRGTtfJgd5sNqDbv45Mirewi7x9hr1nFBThuHyHPxDLXWDszQHlbf+6OIJiGThgqidc/DsRlkRBlOBcvL/USzmNAbMmY9SyUJmR5ks+A52rfKCAWRsk8aNFO/b2Qk1DoNfTs5jal/e1PxL6+XmKA5yLiME8MkLQ4FiUAmQtMW0IgrRo1ILSFUcZsV0QlRhBrb1Y8rAUtlGOdlW8zX79H/pFt3Pex6F0e1VrNoCEqwC3twAB40oAXn0IYOUEjgHh7g0blznpxn56UYnXM+d7bhB5zXD1p2nEg=</latexit><latexit sha1_base64="+SHYSrABxIxjhGoGJu2YjyFLKXc=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEV0OmPlp3BTcuK9gqtKVk0kwbzGSGJCMMw/yCP+BW/8CduPUf/AG/w7SjoKIHAodz7uWeHD8WXBuM35y5+YXFpeXSSnl1bX2jUt3c6uooUZR1aCQide0TzQSXrGO4Eew6VoyEvmBX/s3Z1L+6ZUrzSF6aNGaDkIwlDzglxkrDaqUfEjOhRGTtfJgd5sNqDbv45Mirewi7x9hr1nFBThuHyHPxDLXWDszQHlbf+6OIJiGThgqidc/DsRlkRBlOBcvL/USzmNAbMmY9SyUJmR5ks+A52rfKCAWRsk8aNFO/b2Qk1DoNfTs5jal/e1PxL6+XmKA5yLiME8MkLQ4FiUAmQtMW0IgrRo1ILSFUcZsV0QlRhBrb1Y8rAUtlGOdlW8zX79H/pFt3Pex6F0e1VrNoCEqwC3twAB40oAXn0IYOUEjgHh7g0blznpxn56UYnXM+d7bhB5zXD1p2nEg=</latexit><latexit sha1_base64="MaytutUC5MdqJ1qepYQVLb7QUss=">AAACDHicdVDLSgMxFM34rPXRUZdugkVwNWTaauuu4MZlBfuAdhgyaaYNzWSGJCOUYX7BH3Crf+BO3PoP/oDfYfoQrOiBwOGce7knJ0g4UxqhD2ttfWNza7uwU9zd2z8o2YdHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk+uZ372nUrFY3OlpQr0IjwQLGcHaSL5dGkRYjwnmWSv3s2ru22XkoMuaW3Ehci6Q26igBbmqV6HroDnKYImWb38OhjFJIyo04VipvosS7WVYakY4zYuDVNEEkwke0b6hAkdUedk8eA7PjDKEYSzNExrO1Z8bGY6UmkaBmZzFVL+9mfiX10912PAyJpJUU0EWh8KUQx3DWQtwyCQlmk8NwUQykxWSMZaYaNPVypWQTkWU5EVTzPfv4f+kU3Fc5Li3tXKzsayoAE7AKTgHLqiDJrgBLdAGBKTgETyBZ+vBerFerbfF6Jq13DkGK7DevwDhu5v0</latexit>

P2
<latexit sha1_base64="HCtUNp3JQxizVnLfnOcMYXRPGOE=">AAACDHicdVDLSgMxFL3js9ZXfezcBIvgqmRa7WNXcOOygq1COwyZNKPBTGZIMkIZ5hf8Abf6B+7Erf/gD/gdZloFFT0QOJxzL/fkBIng2mD85szNLywuLZdWyqtr6xubla3tgY5TRVmfxiJWlwHRTHDJ+oYbwS4TxUgUCHYR3JwU/sUtU5rH8txMEuZF5ErykFNirORXNkcRMdeUiKyX+1k99ytVXMPN404DI1w7xm6r07EE42a7UUeuJQWq3V2YoudX3kfjmKYRk4YKovXQxYnxMqIMp4Ll5VGqWULoDbliQ0sliZj2smnwHB1YZYzCWNknDZqq3zcyEmk9iQI7WcTUv71C/MsbpiZsexmXSWqYpLNDYSqQiVHRAhpzxagRE0sIVdxmRfSaKEKN7erHlZBNZJTkZVvM1+/R/2RQr7m45p4dVbvtWUNQgj3Yh0NwoQVdOIUe9IFCCvfwAI/OnfPkPDsvs9E553NnB37Aef0AdLWcWQ==</latexit><latexit sha1_base64="HCtUNp3JQxizVnLfnOcMYXRPGOE=">AAACDHicdVDLSgMxFL3js9ZXfezcBIvgqmRa7WNXcOOygq1COwyZNKPBTGZIMkIZ5hf8Abf6B+7Erf/gD/gdZloFFT0QOJxzL/fkBIng2mD85szNLywuLZdWyqtr6xubla3tgY5TRVmfxiJWlwHRTHDJ+oYbwS4TxUgUCHYR3JwU/sUtU5rH8txMEuZF5ErykFNirORXNkcRMdeUiKyX+1k99ytVXMPN404DI1w7xm6r07EE42a7UUeuJQWq3V2YoudX3kfjmKYRk4YKovXQxYnxMqIMp4Ll5VGqWULoDbliQ0sliZj2smnwHB1YZYzCWNknDZqq3zcyEmk9iQI7WcTUv71C/MsbpiZsexmXSWqYpLNDYSqQiVHRAhpzxagRE0sIVdxmRfSaKEKN7erHlZBNZJTkZVvM1+/R/2RQr7m45p4dVbvtWUNQgj3Yh0NwoQVdOIUe9IFCCvfwAI/OnfPkPDsvs9E553NnB37Aef0AdLWcWQ==</latexit><latexit sha1_base64="HCtUNp3JQxizVnLfnOcMYXRPGOE=">AAACDHicdVDLSgMxFL3js9ZXfezcBIvgqmRa7WNXcOOygq1COwyZNKPBTGZIMkIZ5hf8Abf6B+7Erf/gD/gdZloFFT0QOJxzL/fkBIng2mD85szNLywuLZdWyqtr6xubla3tgY5TRVmfxiJWlwHRTHDJ+oYbwS4TxUgUCHYR3JwU/sUtU5rH8txMEuZF5ErykFNirORXNkcRMdeUiKyX+1k99ytVXMPN404DI1w7xm6r07EE42a7UUeuJQWq3V2YoudX3kfjmKYRk4YKovXQxYnxMqIMp4Ll5VGqWULoDbliQ0sliZj2smnwHB1YZYzCWNknDZqq3zcyEmk9iQI7WcTUv71C/MsbpiZsexmXSWqYpLNDYSqQiVHRAhpzxagRE0sIVdxmRfSaKEKN7erHlZBNZJTkZVvM1+/R/2RQr7m45p4dVbvtWUNQgj3Yh0NwoQVdOIUe9IFCCvfwAI/OnfPkPDsvs9E553NnB37Aef0AdLWcWQ==</latexit><latexit sha1_base64="KOxF7/xLsYdqqJTwGj/l/E7wiKw=">AAACDHicdVDLSgMxFM34rPXRqks3wSK4KpnWvnYFNy4r2Ae0w5BJM21oJjMkGaEM8wv+gFv9A3fi1n/wB/wOM20FK3ogcDjnXu7J8SLOlEbow9rY3Nre2c3t5fcPDo8KxeOTngpjSWiXhDyUAw8rypmgXc00p4NIUhx4nPa92XXm9++pVCwUd3oeUSfAE8F8RrA2klssjAKspwTzpJO6SSV1iyVURvVaq4ogKteQ3Wi1DEGo3qxWoG1IhhJYoeMWP0fjkMQBFZpwrNTQRpF2Eiw1I5ym+VGsaITJDE/o0FCBA6qcZBE8hRdGGUM/lOYJDRfqz40EB0rNA89MZjHVby8T//KGsfabTsJEFGsqyPKQH3OoQ5i1AMdMUqL53BBMJDNZIZliiYk2Xa1d8elcBFGaN8V8/x7+T3qVso3K9u1Vqd1cVZQDZ+AcXAIbNEAb3IAO6AICYvAInsCz9WC9WK/W23J0w1rtnII1WO9f+/qcBQ==</latexit>

P
1

<latexit sha1_base64="wRAE5ad95VGdLvG/Ha46Rd5kfeE=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEVyWjrW13BTcuK9gHtKVk0kwbmskMSUYow/yCP+BW/8CduPUf/AG/w7RVsKIHAodz7uWeHC8SXBuM352V1bX1jc3MVnZ7Z3cvl98/aOkwVpQ1aShC1fGIZoJL1jTcCNaJFCOBJ1jbm1zN/PYdU5qH8tZMI9YPyEhyn1NirDTI53oBMWNKRNJIB4mbDvIFXCxjt1auoQW5wJZgt1QpXyK3iOco1I9gjsYg/9EbhjQOmDRUEK27Lo5MPyHKcCpYmu3FmkWETsiIdS2VJGC6n8yDp+jUKkPkh8o+adBc/bmRkEDraeDZyVlM/dubiX953dj41X7CZRQbJunikB8LZEI0awENuWLUiKklhCpusyI6JopQY7tauuKzqQyiNGuL+f49+p+0zosuLro3pUK9umgIMnAMJ3AGLlSgDtfQgCZQiOEBHuHJuXeenRfndTG64nztHMISnLdPbpWcVQ==</latexit><latexit sha1_base64="wRAE5ad95VGdLvG/Ha46Rd5kfeE=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEVyWjrW13BTcuK9gHtKVk0kwbmskMSUYow/yCP+BW/8CduPUf/AG/w7RVsKIHAodz7uWeHC8SXBuM352V1bX1jc3MVnZ7Z3cvl98/aOkwVpQ1aShC1fGIZoJL1jTcCNaJFCOBJ1jbm1zN/PYdU5qH8tZMI9YPyEhyn1NirDTI53oBMWNKRNJIB4mbDvIFXCxjt1auoQW5wJZgt1QpXyK3iOco1I9gjsYg/9EbhjQOmDRUEK27Lo5MPyHKcCpYmu3FmkWETsiIdS2VJGC6n8yDp+jUKkPkh8o+adBc/bmRkEDraeDZyVlM/dubiX953dj41X7CZRQbJunikB8LZEI0awENuWLUiKklhCpusyI6JopQY7tauuKzqQyiNGuL+f49+p+0zosuLro3pUK9umgIMnAMJ3AGLlSgDtfQgCZQiOEBHuHJuXeenRfndTG64nztHMISnLdPbpWcVQ==</latexit><latexit sha1_base64="wRAE5ad95VGdLvG/Ha46Rd5kfeE=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEVyWjrW13BTcuK9gHtKVk0kwbmskMSUYow/yCP+BW/8CduPUf/AG/w7RVsKIHAodz7uWeHC8SXBuM352V1bX1jc3MVnZ7Z3cvl98/aOkwVpQ1aShC1fGIZoJL1jTcCNaJFCOBJ1jbm1zN/PYdU5qH8tZMI9YPyEhyn1NirDTI53oBMWNKRNJIB4mbDvIFXCxjt1auoQW5wJZgt1QpXyK3iOco1I9gjsYg/9EbhjQOmDRUEK27Lo5MPyHKcCpYmu3FmkWETsiIdS2VJGC6n8yDp+jUKkPkh8o+adBc/bmRkEDraeDZyVlM/dubiX953dj41X7CZRQbJunikB8LZEI0awENuWLUiKklhCpusyI6JopQY7tauuKzqQyiNGuL+f49+p+0zosuLro3pUK9umgIMnAMJ3AGLlSgDtfQgCZQiOEBHuHJuXeenRfndTG64nztHMISnLdPbpWcVQ==</latexit><latexit sha1_base64="Xu6qyMwXUDRo7AELMH4Gui+m1Rc=">AAACDHicdVDLSgMxFM34rPXRUZdugkVwVRJtbbsruHFZwT6gLSWTZtrQTGZIMsIwzC/4A271D9yJW//BH/A7TB+CFT0QOJxzL/fkeJHg2iD04aytb2xubed28rt7+wcF9/CorcNYUdaioQhV1yOaCS5Zy3AjWDdSjASeYB1vej3zO/dMaR7KO5NEbBCQseQ+p8RYaegW+gExE0pE2syGKc6GbhGVKgjXK3W4IJfIEoTL1coVxCU0RxEs0Ry6n/1RSOOASUMF0bqHUWQGKVGGU8GyfD/WLCJ0SsasZ6kkAdODdB48g2dWGUE/VPZJA+fqz42UBFongWcnZzH1b28m/uX1YuPXBimXUWyYpItDfiygCeGsBTjiilEjEksIVdxmhXRCFKHGdrVyxWeJDKIsb4v5/j38n7QvShiV8G252KgtK8qBE3AKzgEGVdAAN6AJWoCCGDyCJ/DsPDgvzqvzthhdc5Y7x2AFzvsX9dqcAQ==</latexit>
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Introducing N-particle Manifolds
∞X

n=2

Z
dΦn

<latexit sha1_base64="LifGsJACsSXRID7DHmmjqyM7TFI="></latexit><latexit sha1_base64="LifGsJACsSXRID7DHmmjqyM7TFI="></latexit><latexit sha1_base64="LifGsJACsSXRID7DHmmjqyM7TFI="></latexit><latexit sha1_base64="aG3eZTyMdH8aX5d41hETbiz8OC8="></latexit>

= set of all N-particle configurationsPN
<latexit sha1_base64="392MpFhStTdoaqdFzoihLv8WPMg=">AAACCHicbVDLSsNAFL2pr1pf9bFzM1gEVyURQZdFN66kgn1AG8pkOmmHTiZxZiKEkB/wB9zqH7gTt/6FP+B3OEm7sK0HLhzOuZd7OF7EmdK2/W2VVlbX1jfKm5Wt7Z3dver+QVuFsSS0RUIeyq6HFeVM0JZmmtNuJCkOPE473uQm9ztPVCoWigedRNQN8EgwnxGsjeT2A6zHBPO0mQ3uBtWaXbcLoGXizEitcQQFmoPqT38YkjigQhOOleo5dqTdFEvNCKdZpR8rGmEywSPaM1TggCo3LUJn6NQoQ+SH0ozQqFD/XqQ4UCoJPLOZh1SLXi7+5/Vi7V+5KRNRrKkg00d+zJEOUd4AGjJJieaJIZhIZrIiMsYSE216mvvi00QEUVYxxTiLNSyT9nndsevO/UWtcT1tCMpwDCdwBg5cQgNuoQktIPAIL/AKb9az9W59WJ/T1ZI1uzmEOVhfv9ppmvk=</latexit><latexit sha1_base64="392MpFhStTdoaqdFzoihLv8WPMg=">AAACCHicbVDLSsNAFL2pr1pf9bFzM1gEVyURQZdFN66kgn1AG8pkOmmHTiZxZiKEkB/wB9zqH7gTt/6FP+B3OEm7sK0HLhzOuZd7OF7EmdK2/W2VVlbX1jfKm5Wt7Z3dver+QVuFsSS0RUIeyq6HFeVM0JZmmtNuJCkOPE473uQm9ztPVCoWigedRNQN8EgwnxGsjeT2A6zHBPO0mQ3uBtWaXbcLoGXizEitcQQFmoPqT38YkjigQhOOleo5dqTdFEvNCKdZpR8rGmEywSPaM1TggCo3LUJn6NQoQ+SH0ozQqFD/XqQ4UCoJPLOZh1SLXi7+5/Vi7V+5KRNRrKkg00d+zJEOUd4AGjJJieaJIZhIZrIiMsYSE216mvvi00QEUVYxxTiLNSyT9nndsevO/UWtcT1tCMpwDCdwBg5cQgNuoQktIPAIL/AKb9az9W59WJ/T1ZI1uzmEOVhfv9ppmvk=</latexit><latexit sha1_base64="392MpFhStTdoaqdFzoihLv8WPMg=">AAACCHicbVDLSsNAFL2pr1pf9bFzM1gEVyURQZdFN66kgn1AG8pkOmmHTiZxZiKEkB/wB9zqH7gTt/6FP+B3OEm7sK0HLhzOuZd7OF7EmdK2/W2VVlbX1jfKm5Wt7Z3dver+QVuFsSS0RUIeyq6HFeVM0JZmmtNuJCkOPE473uQm9ztPVCoWigedRNQN8EgwnxGsjeT2A6zHBPO0mQ3uBtWaXbcLoGXizEitcQQFmoPqT38YkjigQhOOleo5dqTdFEvNCKdZpR8rGmEywSPaM1TggCo3LUJn6NQoQ+SH0ozQqFD/XqQ4UCoJPLOZh1SLXi7+5/Vi7V+5KRNRrKkg00d+zJEOUd4AGjJJieaJIZhIZrIiMsYSE216mvvi00QEUVYxxTiLNSyT9nndsevO/UWtcT1tCMpwDCdwBg5cQgNuoQktIPAIL/AKb9az9W59WJ/T1ZI1uzmEOVhfv9ppmvk=</latexit><latexit sha1_base64="2sjpW5it7o+LBQCCk3JXskF9Ypc=">AAACCHicbVDLSsNAFJ3UV62vqks3g0VwVRIRdFl040oq2FZoQ5lMb9qhM5M4MxFKyA/4A271D9yJW//CH/A7nLRZ2NYDFw7n3Ms9nCDmTBvX/XZKK6tr6xvlzcrW9s7uXnX/oK2jRFFo0YhH6iEgGjiT0DLMcHiIFRARcOgE4+vc7zyB0iyS92YSgy/IULKQUWKs5PcEMSNKeNrM+rf9as2tu1PgZeIVpIYKNPvVn94gookAaSgnWnc9NzZ+SpRhlENW6SUaYkLHZAhdSyURoP10GjrDJ1YZ4DBSdqTBU/XvRUqE1hMR2M08pF70cvE/r5uY8NJPmYwTA5LOHoUJxybCeQN4wBRQwyeWEKqYzYrpiChCje1p7ksIEynirGKL8RZrWCbts7rn1r2781rjqqiojI7QMTpFHrpADXSDmqiFKHpEL+gVvTnPzrvz4XzOVktOcXOI5uB8/QJhvZql</latexit>

…

…

…

E
<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>

PN ⊃ PN−1 ⊃ . . . ⊃ P2 ⊃ P1
<latexit sha1_base64="zKjZxMibBrQuHHAagnwOPydHssg="></latexit><latexit sha1_base64="zKjZxMibBrQuHHAagnwOPydHssg="></latexit><latexit sha1_base64="zKjZxMibBrQuHHAagnwOPydHssg="></latexit><latexit sha1_base64="meSEIaBzTyZvXNPZHlKV82E9t7s=">AAACY3icbVHLSsNAFJ3Gd33Vx06EwSK4sSRF0GXRjSupYFuhCWUyvamDk0mYuRFKyB/6A36AfoBbXTitBdvaAwOHc87lXs6EqRQGXfet5Cwtr6yurW+UN7e2d3Yre/ttk2SaQ4snMtGPITMghYIWCpTwmGpgcSihEz7fjPzOC2gjEvWAwxSCmA2UiARnaKVeJfJjhk+cybxZ9O6ob7LUANJpNb8794o/R/YTNIuD9WKx7hW9StWtuWPQ/8SbkCqZoNmrfPj9hGcxKOSSGdP13BSDnGkUXEJR9jMDKePPbABdSxWLwQT5uI+CnlqlT6NE26eQjtXpiZzFxgzj0CZHZ5p5byQu8roZRldBLlSaISj+uyjKJMWEjsqlfaGBoxxawrgW9lbKn5hmHO0XzGyJYKjitCjbYrz5Gv6Tdr3muTXv/qLauJ5UtE6OyAk5Ix65JA1yS5qkRTh5JZ/ki3yX3p1NZ985/I06pcnMAZmBc/wDYcG8ZA==</latexit>

by soft/collinear limits
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When are Two Events the Same?

Energy Flow unchanged by infinitesimal soft/collinear emissions

ε
= =

z → 0 θ → 0

Infrared divergences “live” together!

PN
+1

<latexit sha1_base64="wXqnNydFxlDTdqrFm9XSjRWk20c=">AAACDnicdVDLSgMxFL3j2/pq1Z2bYBEEYUjqq+6KblxJBatCW0omzWhoJjMkGaUM8w/+gFv9A3fi1l/wB/wO01ZBRQ8EDufcyz05QSKFsRi/eWPjE5NT0zOzhbn5hcWlYmn53MSpZrzBYhnry4AaLoXiDSus5JeJ5jQKJL8IekcD/+KGayNidWb7CW9H9EqJUDBqndQplloRtdeMyqyed7KTLZJ3imXs470dUiEI+7uYVCt4RA72txHx8RDl2ioMUe8U31vdmKURV5ZJakyT4MS2M6qtYJLnhVZqeEJZj17xpqOKRty0s2H0HG04pYvCWLunLBqq3zcyGhnTjwI3OQhqfnsD8S+vmdqw2s6ESlLLFRsdClOJbIwGPaCu0JxZ2XeEMi1cVsSuqabMurZ+XAl5X0VJXnDFfP0e/U/OKz7BPjndKdcORw3BDKzBOmwCgX2owTHUoQEMbuEeHuDRu/OevGfvZTQ65n3urMAPeK8fcYWc3Q==</latexit><latexit sha1_base64="wXqnNydFxlDTdqrFm9XSjRWk20c=">AAACDnicdVDLSgMxFL3j2/pq1Z2bYBEEYUjqq+6KblxJBatCW0omzWhoJjMkGaUM8w/+gFv9A3fi1l/wB/wO01ZBRQ8EDufcyz05QSKFsRi/eWPjE5NT0zOzhbn5hcWlYmn53MSpZrzBYhnry4AaLoXiDSus5JeJ5jQKJL8IekcD/+KGayNidWb7CW9H9EqJUDBqndQplloRtdeMyqyed7KTLZJ3imXs470dUiEI+7uYVCt4RA72txHx8RDl2ioMUe8U31vdmKURV5ZJakyT4MS2M6qtYJLnhVZqeEJZj17xpqOKRty0s2H0HG04pYvCWLunLBqq3zcyGhnTjwI3OQhqfnsD8S+vmdqw2s6ESlLLFRsdClOJbIwGPaCu0JxZ2XeEMi1cVsSuqabMurZ+XAl5X0VJXnDFfP0e/U/OKz7BPjndKdcORw3BDKzBOmwCgX2owTHUoQEMbuEeHuDRu/OevGfvZTQ65n3urMAPeK8fcYWc3Q==</latexit><latexit sha1_base64="wXqnNydFxlDTdqrFm9XSjRWk20c=">AAACDnicdVDLSgMxFL3j2/pq1Z2bYBEEYUjqq+6KblxJBatCW0omzWhoJjMkGaUM8w/+gFv9A3fi1l/wB/wO01ZBRQ8EDufcyz05QSKFsRi/eWPjE5NT0zOzhbn5hcWlYmn53MSpZrzBYhnry4AaLoXiDSus5JeJ5jQKJL8IekcD/+KGayNidWb7CW9H9EqJUDBqndQplloRtdeMyqyed7KTLZJ3imXs470dUiEI+7uYVCt4RA72txHx8RDl2ioMUe8U31vdmKURV5ZJakyT4MS2M6qtYJLnhVZqeEJZj17xpqOKRty0s2H0HG04pYvCWLunLBqq3zcyGhnTjwI3OQhqfnsD8S+vmdqw2s6ESlLLFRsdClOJbIwGPaCu0JxZ2XeEMi1cVsSuqabMurZ+XAl5X0VJXnDFfP0e/U/OKz7BPjndKdcORw3BDKzBOmwCgX2owTHUoQEMbuEeHuDRu/OevGfvZTQ65n3urMAPeK8fcYWc3Q==</latexit><latexit sha1_base64="4X5XCJTdYxe8obDQFIQlXCnBkyk=">AAACDnicdVDLSgMxFM34rPU11aWbYBEEYUhqtXVXdONKKtgqtKVk0kwbmskMSUYpw/yDP+BW/8CduPUX/AG/w/QhqOiBwOGce7knx48F1wahd2dufmFxaTm3kl9dW9/YdAtbTR0lirIGjUSkbnyimeCSNQw3gt3EipHQF+zaH56N/etbpjSP5JUZxawTkr7kAafEWKnrFtohMQNKRFrPuunFAc66bhF56LiMSxgi7wjhaglNyUnlEGIPTVAEM9S77ke7F9EkZNJQQbRuYRSbTkqU4VSwLN9ONIsJHZI+a1kqSch0J51Ez+CeVXowiJR90sCJ+n0jJaHWo9C3k+Og+rc3Fv/yWokJqp2UyzgxTNLpoSAR0ERw3APsccWoESNLCFXcZoV0QBShxrb140rARjKMs7wt5uv38H/SLHkYefiyXKydzirKgR2wC/YBBhVQA+egDhqAgjvwAB7Bk3PvPDsvzut0dM6Z7WyDH3DePgH4ypyJ</latexit>
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<latexit sha1_base64="WKMSG/rfthP1AR31hVGTysNAzzA=">AAACDHicdVDLSgMxFL3j2/pofezcBIvgqmSsrXZXdONKKthaaEvJpJk2NJMZkoxQhvkFf8Ct/oE7ces/+AN+h5lWQUUPBA7n3Ms9OV4kuDYYvzlz8wuLS8srq7m19Y3NfGFru6XDWFHWpKEIVdsjmgkuWdNwI1g7UowEnmA33vg8829umdI8lNdmErFeQIaS+5wSY6V+Id8NiBlRIpJG2k8u036hiEu4WqmVMcKlCnZPajVLMK6elo+Qa0mGYn0Xpmj0C+/dQUjjgElDBdG64+LI9BKiDKeCpblurFlE6JgMWcdSSQKme8k0eIoOrDJAfqjskwZN1e8bCQm0ngSencxi6t9eJv7ldWLjn/YSLqPYMElnh/xYIBOirAU04IpRIyaWEKq4zYroiChCje3qxxWfTWQQpTlbzNfv0f+kdVRyccm9Oi7Wz2YNwQrswT4cggsnUIcLaEATKMRwDw/w6Nw5T86z8zIbnXM+d3bgB5zXD6RznH8=</latexit><latexit sha1_base64="WKMSG/rfthP1AR31hVGTysNAzzA=">AAACDHicdVDLSgMxFL3j2/pofezcBIvgqmSsrXZXdONKKthaaEvJpJk2NJMZkoxQhvkFf8Ct/oE7ces/+AN+h5lWQUUPBA7n3Ms9OV4kuDYYvzlz8wuLS8srq7m19Y3NfGFru6XDWFHWpKEIVdsjmgkuWdNwI1g7UowEnmA33vg8829umdI8lNdmErFeQIaS+5wSY6V+Id8NiBlRIpJG2k8u036hiEu4WqmVMcKlCnZPajVLMK6elo+Qa0mGYn0Xpmj0C+/dQUjjgElDBdG64+LI9BKiDKeCpblurFlE6JgMWcdSSQKme8k0eIoOrDJAfqjskwZN1e8bCQm0ngSencxi6t9eJv7ldWLjn/YSLqPYMElnh/xYIBOirAU04IpRIyaWEKq4zYroiChCje3qxxWfTWQQpTlbzNfv0f+kdVRyccm9Oi7Wz2YNwQrswT4cggsnUIcLaEATKMRwDw/w6Nw5T86z8zIbnXM+d3bgB5zXD6RznH8=</latexit><latexit sha1_base64="WKMSG/rfthP1AR31hVGTysNAzzA=">AAACDHicdVDLSgMxFL3j2/pofezcBIvgqmSsrXZXdONKKthaaEvJpJk2NJMZkoxQhvkFf8Ct/oE7ces/+AN+h5lWQUUPBA7n3Ms9OV4kuDYYvzlz8wuLS8srq7m19Y3NfGFru6XDWFHWpKEIVdsjmgkuWdNwI1g7UowEnmA33vg8829umdI8lNdmErFeQIaS+5wSY6V+Id8NiBlRIpJG2k8u036hiEu4WqmVMcKlCnZPajVLMK6elo+Qa0mGYn0Xpmj0C+/dQUjjgElDBdG64+LI9BKiDKeCpblurFlE6JgMWcdSSQKme8k0eIoOrDJAfqjskwZN1e8bCQm0ngSencxi6t9eJv7ldWLjn/YSLqPYMElnh/xYIBOirAU04IpRIyaWEKq4zYroiChCje3qxxWfTWQQpTlbzNfv0f+kdVRyccm9Oi7Wz2YNwQrswT4cggsnUIcLaEATKMRwDw/w6Nw5T86z8zIbnXM+d3bgB5zXD6RznH8=</latexit><latexit sha1_base64="/wupsqYMIndq5Wtib3yR1uQ9KgE=">AAACDHicdVDLSgMxFM34rPXRUZdugkVwVTKtfe2KblxJBfuAtpRMmmlDM5khyQhlmF/wB9zqH7gTt/6DP+B3mGkrWNEDgcM593JPjhtypjRCH9ba+sbm1nZmJ7u7t3+Qsw+P2iqIJKEtEvBAdl2sKGeCtjTTnHZDSbHvctpxp1ep37mnUrFA3OlZSAc+HgvmMYK1kYZ2ru9jPSGYx81kGN8kQzuPCqhSrpcQRIUycqr1uiEIVWqlInQMSZEHSzSH9md/FJDIp0ITjpXqOSjUgxhLzQinSbYfKRpiMsVj2jNUYJ+qQTwPnsAzo4ygF0jzhIZz9edGjH2lZr5rJtOY6reXin95vUh7tUHMRBhpKsjikBdxqAOYtgBHTFKi+cwQTCQzWSGZYImJNl2tXPHoTPhhkjXFfP8e/k/axYKDCs7tRb5xuawoA07AKTgHDqiCBrgGTdACBETgETyBZ+vBerFerbfF6Jq13DkGK7DevwArx5wr</latexit>

Virtual:

E(n̂) =
X

i

Ei δ(n̂− n̂i)

<latexit sha1_base64="JKRqqrUYJT2llhd3PPj8KBuC75Q="></latexit><latexit sha1_base64="JKRqqrUYJT2llhd3PPj8KBuC75Q="></latexit><latexit sha1_base64="JKRqqrUYJT2llhd3PPj8KBuC75Q="></latexit><latexit sha1_base64="4miLyAx6p6t5RquYQ9AkM/HLRVc=">AAAB7XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5k4bmmSGJCMMY1/ArW/gTnwiX8DnMP1ZWOuBwOGchHvzxbngxgbBl1fb2d3bP6gf+kcN//jktNnomazQDLssE5kexNSg4Aq7lluBg1wjlbHAfjy7X/T9Z9SGZ+rJljlGkk4UTzmj1kWdcbMVtIOlyLYJ16YFa42b36MkY4VEZZmgxgzDILdRRbXlTODcHxUGc8pmdIJDZxWVaKJqueacXLokIWmm3VGWLNPfLyoqjSll7G5Kaqfmb7cI/+uGhU1vo4qrvLCo2GpQWghiM7L4M0m4RmZF6QxlmrtdCZtSTZl1ZDampFgqmc99xyX8S2Hb9K7bYdAOHwOowzlcwBWEcAN38AAd6AKDBF7hzXvx3r2PFb+atwZ5BhvyPn8A3biSog==</latexit><latexit sha1_base64="m6qBQcvyn96RZ5ssG2ZpMuhCLzU="></latexit><latexit sha1_base64="m6qBQcvyn96RZ5ssG2ZpMuhCLzU="></latexit><latexit sha1_base64="qKIrP57JaHpnjSZQxXXIqcUXqdA="></latexit><latexit sha1_base64="+jkUzWVJEZ317+LV8bD9y6kkhjI="></latexit><latexit sha1_base64="JKRqqrUYJT2llhd3PPj8KBuC75Q="></latexit><latexit sha1_base64="JKRqqrUYJT2llhd3PPj8KBuC75Q="></latexit><latexit sha1_base64="JKRqqrUYJT2llhd3PPj8KBuC75Q="></latexit><latexit sha1_base64="JKRqqrUYJT2llhd3PPj8KBuC75Q="></latexit><latexit sha1_base64="4miLyAx6p6t5RquYQ9AkM/HLRVc=">AAAB7XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5k4bmmSGJCMMY1/ArW/gTnwiX8DnMP1ZWOuBwOGchHvzxbngxgbBl1fb2d3bP6gf+kcN//jktNnomazQDLssE5kexNSg4Aq7lluBg1wjlbHAfjy7X/T9Z9SGZ+rJljlGkk4UTzmj1kWdcbMVtIOlyLYJ16YFa42b36MkY4VEZZmgxgzDILdRRbXlTODcHxUGc8pmdIJDZxWVaKJqueacXLokIWmm3VGWLNPfLyoqjSll7G5Kaqfmb7cI/+uGhU1vo4qrvLCo2GpQWghiM7L4M0m4RmZF6QxlmrtdCZtSTZl1ZDampFgqmc99xyX8S2Hb9K7bYdAOHwOowzlcwBWEcAN38AAd6AKDBF7hzXvx3r2PFb+atwZ5BhvyPn8A3biSog==</latexit><latexit sha1_base64="m6qBQcvyn96RZ5ssG2ZpMuhCLzU="></latexit><latexit sha1_base64="m6qBQcvyn96RZ5ssG2ZpMuhCLzU="></latexit><latexit sha1_base64="qKIrP57JaHpnjSZQxXXIqcUXqdA="></latexit><latexit sha1_base64="+jkUzWVJEZ317+LV8bD9y6kkhjI="></latexit><latexit sha1_base64="JKRqqrUYJT2llhd3PPj8KBuC75Q="></latexit><latexit sha1_base64="JKRqqrUYJT2llhd3PPj8KBuC75Q="></latexit><latexit sha1_base64="JKRqqrUYJT2llhd3PPj8KBuC75Q="></latexit><latexit sha1_base64="JKRqqrUYJT2llhd3PPj8KBuC75Q="></latexit><latexit sha1_base64="4miLyAx6p6t5RquYQ9AkM/HLRVc=">AAAB7XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5k4bmmSGJCMMY1/ArW/gTnwiX8DnMP1ZWOuBwOGchHvzxbngxgbBl1fb2d3bP6gf+kcN//jktNnomazQDLssE5kexNSg4Aq7lluBg1wjlbHAfjy7X/T9Z9SGZ+rJljlGkk4UTzmj1kWdcbMVtIOlyLYJ16YFa42b36MkY4VEZZmgxgzDILdRRbXlTODcHxUGc8pmdIJDZxWVaKJqueacXLokIWmm3VGWLNPfLyoqjSll7G5Kaqfmb7cI/+uGhU1vo4qrvLCo2GpQWghiM7L4M0m4RmZF6QxlmrtdCZtSTZl1ZDampFgqmc99xyX8S2Hb9K7bYdAOHwOowzlcwBWEcAN38AAd6AKDBF7hzXvx3r2PFb+atwZ5BhvyPn8A3biSog==</latexit><latexit sha1_base64="m6qBQcvyn96RZ5ssG2ZpMuhCLzU="></latexit><latexit sha1_base64="m6qBQcvyn96RZ5ssG2ZpMuhCLzU="></latexit><latexit sha1_base64="qKIrP57JaHpnjSZQxXXIqcUXqdA="></latexit><latexit sha1_base64="+jkUzWVJEZ317+LV8bD9y6kkhjI="></latexit><latexit sha1_base64="JKRqqrUYJT2llhd3PPj8KBuC75Q="></latexit><latexit sha1_base64="JKRqqrUYJT2llhd3PPj8KBuC75Q="></latexit><latexit sha1_base64="JKRqqrUYJT2llhd3PPj8KBuC75Q="></latexit><latexit sha1_base64="JKRqqrUYJT2llhd3PPj8KBuC75Q="></latexit><latexit sha1_base64="+jkUzWVJEZ317+LV8bD9y6kkhjI="></latexit>
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When are Two Events the Same?

Energy Flow unchanged by infinitesimal soft/collinear emissions

ε
= =

z → 0 θ → 0

[Komiske, Metodiev, JDT, JHEP 2020]
[Sterman, Weinberg, PRL 1977; Sterman, PRD 1979]

[see also Banfi, Salam, Zanderighi, JHEP 2005]

Infrared & Collinear Safety
≈ calculable in perturbative quantum field theory

Continuity in EMD Space

E

<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>

O

<latexit sha1_base64="rVPSFT0/LT/ZtFtiMLZrAq8saKA=">AAACMXicbVDLSsNAFL2pr1pf8bFzEyyCCymJFOyy4MadFWwtpKFMppN26GQSZiZCCfkRf8MfcKt/0J24cONPOEkr2NYDA4dz7p17OH7MqFS2PTVKa+sbm1vl7crO7t7+gXl41JFRIjBp44hFousjSRjlpK2oYqQbC4JCn5FHf3yT+49PREga8Qc1iYkXoiGnAcVIaalv1tNe8Ykrhr6X2jW7wOUKyXohUiOMWHqXZX2z+qtbq8SZk2rzBAq0+uZXbxDhJCRcYYakdB07Vl6KhKKYkazSSySJER6jIXE15Sgk0kuLYJl1rpWBFURCP66sQv27kaJQykno68k8o1z2cvE/z01U0PBSyuNEEY5nh4KEWSqy8qqsARUEKzbRBGFBdVYLj5BAWOlCF64EZMLDOKvoYpzlGlZJ56rm2DXnvl5tNmYNQRlO4QwuwIFraMIttKANGJ7hFd7g3XgxpsaH8TkbLRnznWNYgPH9AzBwpyg=</latexit><latexit sha1_base64="rVPSFT0/LT/ZtFtiMLZrAq8saKA=">AAACMXicbVDLSsNAFL2pr1pf8bFzEyyCCymJFOyy4MadFWwtpKFMppN26GQSZiZCCfkRf8MfcKt/0J24cONPOEkr2NYDA4dz7p17OH7MqFS2PTVKa+sbm1vl7crO7t7+gXl41JFRIjBp44hFousjSRjlpK2oYqQbC4JCn5FHf3yT+49PREga8Qc1iYkXoiGnAcVIaalv1tNe8Ykrhr6X2jW7wOUKyXohUiOMWHqXZX2z+qtbq8SZk2rzBAq0+uZXbxDhJCRcYYakdB07Vl6KhKKYkazSSySJER6jIXE15Sgk0kuLYJl1rpWBFURCP66sQv27kaJQykno68k8o1z2cvE/z01U0PBSyuNEEY5nh4KEWSqy8qqsARUEKzbRBGFBdVYLj5BAWOlCF64EZMLDOKvoYpzlGlZJ56rm2DXnvl5tNmYNQRlO4QwuwIFraMIttKANGJ7hFd7g3XgxpsaH8TkbLRnznWNYgPH9AzBwpyg=</latexit><latexit sha1_base64="rVPSFT0/LT/ZtFtiMLZrAq8saKA=">AAACMXicbVDLSsNAFL2pr1pf8bFzEyyCCymJFOyy4MadFWwtpKFMppN26GQSZiZCCfkRf8MfcKt/0J24cONPOEkr2NYDA4dz7p17OH7MqFS2PTVKa+sbm1vl7crO7t7+gXl41JFRIjBp44hFousjSRjlpK2oYqQbC4JCn5FHf3yT+49PREga8Qc1iYkXoiGnAcVIaalv1tNe8Ykrhr6X2jW7wOUKyXohUiOMWHqXZX2z+qtbq8SZk2rzBAq0+uZXbxDhJCRcYYakdB07Vl6KhKKYkazSSySJER6jIXE15Sgk0kuLYJl1rpWBFURCP66sQv27kaJQykno68k8o1z2cvE/z01U0PBSyuNEEY5nh4KEWSqy8qqsARUEKzbRBGFBdVYLj5BAWOlCF64EZMLDOKvoYpzlGlZJ56rm2DXnvl5tNmYNQRlO4QwuwIFraMIttKANGJ7hFd7g3XgxpsaH8TkbLRnznWNYgPH9AzBwpyg=</latexit><latexit sha1_base64="c3dlULjjkQs/xfG9TzGp85KsY9s=">AAACMXicbVDLSsNAFJ3UV62vqEs3g0VwISWRgl0W3Lizgn1AGspkOmmHTiZhZiKEkB/xN/wBt/oH3YkLN/6EkzSCbT0wcDjn3rmH40WMSmVZc6Oysbm1vVPdre3tHxwemccnPRnGApMuDlkoBh6ShFFOuooqRgaRICjwGOl7s9vc7z8RIWnIH1USETdAE059ipHS0shspsPiE0dMPDe1GlaBqzWSDQOkphix9D7LRmb9V4frxC5JHZTojMyv4TjEcUC4wgxJ6dhWpNwUCUUxI1ltGEsSITxDE+JoylFApJsWwTJ4oZUx9EOhH1ewUP9upCiQMgk8PZlnlKteLv7nObHyW25KeRQrwvHikB8zqEKYVwXHVBCsWKIJwoLqrBBPkUBY6UKXrvgk4UGU1XQx9moN66R33bCthv3QrLdbZUVVcAbOwSWwwQ1ogzvQAV2AwTN4BW/g3Xgx5saH8bkYrRjlzilYgvH9A7e1ptQ=</latexit>

E
0

<latexit sha1_base64="0o64kQWULZqPqWN7iJFUCGwJWeI=">AAACB3icdVDLSgMxFL1TX7W+6mPnJlhEV2VGhNZdQQSXFWwttEPJpJk2NJMJSUYYhn6AP+BW/8CduPUz/AG/w3SqYH0cCBzOuZd7cgLJmTau++YUFhaXlleKq6W19Y3NrfL2TlvHiSK0RWIeq06ANeVM0JZhhtOOVBRHAac3wfh86t/cUqVZLK5NKqkf4aFgISPYWKnXi7AZEcyzi8lRv1xxq2c11wL9Jl7VzVFp7EGOZr/83hvEJImoMIRjrbueK42fYWUY4XRS6iWaSkzGeEi7lgocUe1neeYJOrTKAIWxsk8YlKvfNzIcaZ1GgZ2cZtQ/van4l9dNTFj3MyZkYqggs0NhwpGJ0bQANGCKEsNTSzBRzGZFZIQVJsbWNHclpKmI5KRki/n6PfqftE+qnlv1rk4rjfqsISjCPhzAMXhQgwZcQhNaQEDCPTzAo3PnPDnPzststOB87uzCHJzXDw/pmoQ=</latexit><latexit sha1_base64="0o64kQWULZqPqWN7iJFUCGwJWeI=">AAACB3icdVDLSgMxFL1TX7W+6mPnJlhEV2VGhNZdQQSXFWwttEPJpJk2NJMJSUYYhn6AP+BW/8CduPUz/AG/w3SqYH0cCBzOuZd7cgLJmTau++YUFhaXlleKq6W19Y3NrfL2TlvHiSK0RWIeq06ANeVM0JZhhtOOVBRHAac3wfh86t/cUqVZLK5NKqkf4aFgISPYWKnXi7AZEcyzi8lRv1xxq2c11wL9Jl7VzVFp7EGOZr/83hvEJImoMIRjrbueK42fYWUY4XRS6iWaSkzGeEi7lgocUe1neeYJOrTKAIWxsk8YlKvfNzIcaZ1GgZ2cZtQ/van4l9dNTFj3MyZkYqggs0NhwpGJ0bQANGCKEsNTSzBRzGZFZIQVJsbWNHclpKmI5KRki/n6PfqftE+qnlv1rk4rjfqsISjCPhzAMXhQgwZcQhNaQEDCPTzAo3PnPDnPzststOB87uzCHJzXDw/pmoQ=</latexit><latexit sha1_base64="0o64kQWULZqPqWN7iJFUCGwJWeI=">AAACB3icdVDLSgMxFL1TX7W+6mPnJlhEV2VGhNZdQQSXFWwttEPJpJk2NJMJSUYYhn6AP+BW/8CduPUz/AG/w3SqYH0cCBzOuZd7cgLJmTau++YUFhaXlleKq6W19Y3NrfL2TlvHiSK0RWIeq06ANeVM0JZhhtOOVBRHAac3wfh86t/cUqVZLK5NKqkf4aFgISPYWKnXi7AZEcyzi8lRv1xxq2c11wL9Jl7VzVFp7EGOZr/83hvEJImoMIRjrbueK42fYWUY4XRS6iWaSkzGeEi7lgocUe1neeYJOrTKAIWxsk8YlKvfNzIcaZ1GgZ2cZtQ/van4l9dNTFj3MyZkYqggs0NhwpGJ0bQANGCKEsNTSzBRzGZFZIQVJsbWNHclpKmI5KRki/n6PfqftE+qnlv1rk4rjfqsISjCPhzAMXhQgwZcQhNaQEDCPTzAo3PnPDnPzststOB87uzCHJzXDw/pmoQ=</latexit><latexit sha1_base64="gegd3AJG8TEzIfq9YwTW3G7srgs=">AAACB3icdVDLSgMxFM34rPVVdekmWERXw4wIrbuCCC4r2Ad0hpJJM21okglJRijDfIA/4Fb/wJ249TP8Ab/DTFvB+jgQOJxzL/fkRJJRbTzv3VlaXlldWy9tlDe3tnd2K3v7bZ2kCpMWTliiuhHShFFBWoYaRrpSEcQjRjrR+LLwO3dEaZqIWzORJORoKGhMMTJWCgKOzAgjll3lJ/1K1XMvap4F/E1815uiCuZo9isfwSDBKSfCYIa07vmeNGGGlKGYkbwcpJpIhMdoSHqWCsSJDrNp5hweW2UA40TZJwycqt83MsS1nvDIThYZ9U+vEP/yeqmJ62FGhUwNEXh2KE4ZNAksCoADqgg2bGIJworarBCPkELY2JoWrsRkIrjMy7aYr9/D/0n7zPU91785rzbq84pK4BAcgVPggxpogGvQBC2AgQQP4BE8OffOs/PivM5Gl5z5zgFYgPP2CZcumjA=</latexit>

✏
<latexit sha1_base64="jgUrJhLGALjMeIyRRVBYIdUwEyk=">AAACLnicbZDLSsNAFIZP6q3WW73s3ASL4EJKIoJdFty4rGBboQ1lMj1ph04mYWYilJDn8DV8Abf6BoILcSc+htO0gm39YeDjP+fMOfx+zJnSjvNuFVZW19Y3ipulre2d3b3y/kFLRYmk2KQRj+S9TxRyJrCpmeZ4H0skoc+x7Y+uJ/X2A0rFInGnxzF6IRkIFjBKtLF6ZTft5p905MD3Uqfq5DpfgqyLsWI8ElmvXPk17WVwZ1CpH0GuRq/81e1HNAlRaMqJUh3XibWXEqkZ5ZiVuonCmNARGWDHoCAhKi/Nr8rsU+P07SCS5glt5+7fiZSESo1D33SGRA/VYm1i/lfrJDqoeSkTcaJR0OmiIOG2juxJTnafSaSajw0QKpm51aZDIgnVJs25LQGORRhnJROMuxjDMrQuqq5TdW8vK/XaNCEowjGcwBm4cAV1uIEGNIHCIzzDC7xaT9ab9WF9TlsL1mzmEOZkff8AvcOl4w==</latexit><latexit sha1_base64="jgUrJhLGALjMeIyRRVBYIdUwEyk=">AAACLnicbZDLSsNAFIZP6q3WW73s3ASL4EJKIoJdFty4rGBboQ1lMj1ph04mYWYilJDn8DV8Abf6BoILcSc+htO0gm39YeDjP+fMOfx+zJnSjvNuFVZW19Y3ipulre2d3b3y/kFLRYmk2KQRj+S9TxRyJrCpmeZ4H0skoc+x7Y+uJ/X2A0rFInGnxzF6IRkIFjBKtLF6ZTft5p905MD3Uqfq5DpfgqyLsWI8ElmvXPk17WVwZ1CpH0GuRq/81e1HNAlRaMqJUh3XibWXEqkZ5ZiVuonCmNARGWDHoCAhKi/Nr8rsU+P07SCS5glt5+7fiZSESo1D33SGRA/VYm1i/lfrJDqoeSkTcaJR0OmiIOG2juxJTnafSaSajw0QKpm51aZDIgnVJs25LQGORRhnJROMuxjDMrQuqq5TdW8vK/XaNCEowjGcwBm4cAV1uIEGNIHCIzzDC7xaT9ab9WF9TlsL1mzmEOZkff8AvcOl4w==</latexit><latexit sha1_base64="jgUrJhLGALjMeIyRRVBYIdUwEyk=">AAACLnicbZDLSsNAFIZP6q3WW73s3ASL4EJKIoJdFty4rGBboQ1lMj1ph04mYWYilJDn8DV8Abf6BoILcSc+htO0gm39YeDjP+fMOfx+zJnSjvNuFVZW19Y3ipulre2d3b3y/kFLRYmk2KQRj+S9TxRyJrCpmeZ4H0skoc+x7Y+uJ/X2A0rFInGnxzF6IRkIFjBKtLF6ZTft5p905MD3Uqfq5DpfgqyLsWI8ElmvXPk17WVwZ1CpH0GuRq/81e1HNAlRaMqJUh3XibWXEqkZ5ZiVuonCmNARGWDHoCAhKi/Nr8rsU+P07SCS5glt5+7fiZSESo1D33SGRA/VYm1i/lfrJDqoeSkTcaJR0OmiIOG2juxJTnafSaSajw0QKpm51aZDIgnVJs25LQGORRhnJROMuxjDMrQuqq5TdW8vK/XaNCEowjGcwBm4cAV1uIEGNIHCIzzDC7xaT9ab9WF9TlsL1mzmEOZkff8AvcOl4w==</latexit><latexit sha1_base64="nY45iuKraCLDFewaTX5iwTSikYs=">AAACLnicbZDLSsNAFIYn9VbrLerSTbAILqQkIthlwY3LCvYCTSiT6Uk7dDIJMxMhhDyHr+ELuNU3EFyIO/ExnKYRbOsPAx//OWfO4fdjRqWy7Xejsra+sblV3a7t7O7tH5iHR10ZJYJAh0QsEn0fS2CUQ0dRxaAfC8Chz6DnT29m9d4DCEkjfq/SGLwQjzkNKMFKW0PTydzik4EY+15mN+xCFyuQuxBLyiKeD836r2mtglNCHZVqD80vdxSRJASuCMNSDhw7Vl6GhaKEQV5zEwkxJlM8hoFGjkOQXlZclVtn2hlZQST048oq3L8TGQ6lTENfd4ZYTeRybWb+VxskKmh6GeVxooCT+aIgYZaKrFlO1ogKIIqlGjARVN9qkQkWmCid5sKWAFIexnlNB+Msx7AK3cuGYzecu6t6q1lGVEUn6BSdIwddoxa6RW3UQQQ9omf0gl6NJ+PN+DA+560Vo5w5Rgsyvn8ARReljw==</latexit>

δ

<latexit sha1_base64="CTit7owv6Rbo1QgImtmrLEJTECw=">AAACLHicbZDLSsNAFIZPvFtv8bJzEyyCC6mJCHZZcONSwVqhCWUyPWkHJ5MwMxFCyGP4Gr6AW30DNyJu+xxO0wpq/WHg4z/nzDn8YcqZ0q77bs3NLywuLa+s1tbWNza37O2dW5VkkmKbJjyRdyFRyJnAtmaa410qkcQhx054fzGudx5QKpaIG52nGMRkIFjEKNHG6tknhV990pWDMCjchlvpeAZKv49ck7Jn178tZxa8KdRbe1DpqmeP/H5CsxiFppwo1fXcVAcFkZpRjmXNzxSmhN6TAXYNChKjCorqptI5NE7fiRJpntBO5f6cKEisVB6HpjMmeqj+1sbmf7VupqNmUDCRZhoFnSyKMu7oxBmn5PSZRKp5boBQycytDh0SSag2Wf7aEmEu4rSsmWC8vzHMwu1pw3Mb3vVZvdWcJAQrsA8HcAQenEMLLuEK2kDhEZ7hBV6tJ+vN+rA+J61z1nRmF37JGn0B2F6k3w==</latexit><latexit sha1_base64="CTit7owv6Rbo1QgImtmrLEJTECw=">AAACLHicbZDLSsNAFIZPvFtv8bJzEyyCC6mJCHZZcONSwVqhCWUyPWkHJ5MwMxFCyGP4Gr6AW30DNyJu+xxO0wpq/WHg4z/nzDn8YcqZ0q77bs3NLywuLa+s1tbWNza37O2dW5VkkmKbJjyRdyFRyJnAtmaa410qkcQhx054fzGudx5QKpaIG52nGMRkIFjEKNHG6tknhV990pWDMCjchlvpeAZKv49ck7Jn178tZxa8KdRbe1DpqmeP/H5CsxiFppwo1fXcVAcFkZpRjmXNzxSmhN6TAXYNChKjCorqptI5NE7fiRJpntBO5f6cKEisVB6HpjMmeqj+1sbmf7VupqNmUDCRZhoFnSyKMu7oxBmn5PSZRKp5boBQycytDh0SSag2Wf7aEmEu4rSsmWC8vzHMwu1pw3Mb3vVZvdWcJAQrsA8HcAQenEMLLuEK2kDhEZ7hBV6tJ+vN+rA+J61z1nRmF37JGn0B2F6k3w==</latexit><latexit sha1_base64="CTit7owv6Rbo1QgImtmrLEJTECw=">AAACLHicbZDLSsNAFIZPvFtv8bJzEyyCC6mJCHZZcONSwVqhCWUyPWkHJ5MwMxFCyGP4Gr6AW30DNyJu+xxO0wpq/WHg4z/nzDn8YcqZ0q77bs3NLywuLa+s1tbWNza37O2dW5VkkmKbJjyRdyFRyJnAtmaa410qkcQhx054fzGudx5QKpaIG52nGMRkIFjEKNHG6tknhV990pWDMCjchlvpeAZKv49ck7Jn178tZxa8KdRbe1DpqmeP/H5CsxiFppwo1fXcVAcFkZpRjmXNzxSmhN6TAXYNChKjCorqptI5NE7fiRJpntBO5f6cKEisVB6HpjMmeqj+1sbmf7VupqNmUDCRZhoFnSyKMu7oxBmn5PSZRKp5boBQycytDh0SSag2Wf7aEmEu4rSsmWC8vzHMwu1pw3Mb3vVZvdWcJAQrsA8HcAQenEMLLuEK2kDhEZ7hBV6tJ+vN+rA+J61z1nRmF37JGn0B2F6k3w==</latexit><latexit sha1_base64="3pF/Jb7/cAnqPIgLpv26uMSvwlE=">AAACLHicbZDNSsNAFIUn9a/Wv6pLN4NFcCE1EcEuC25cVrCtkIQymd60QyeTMDMRSshj+Bq+gFt9AzcibvscTtsItvXAwMe59869nCDhTGnb/rRKa+sbm1vl7crO7t7+QfXwqKPiVFJo05jH8jEgCjgT0NZMc3hMJJAo4NANRrfTevcJpGKxeNDjBPyIDAQLGSXaWL3qZebNPnHlIPAzu27PdLECudcHrkneq9Z+LbwKTgE1VKjVq068fkzTCISmnCjlOnai/YxIzSiHvOKlChJCR2QArkFBIlB+Nrspx2fG6eMwluYJjWfu34mMREqNo8B0RkQP1XJtav5Xc1MdNvyMiSTVIOh8UZhyrGM8TQn3mQSq+dgAoZKZWzEdEkmoNlkubAlhLKIkr5hgnOUYVqFzVXfsunN/XWs2iojK6ASdonPkoBvURHeohdqIomf0it7Qu/VifVhf1ve8tWQVM8doQdbkB1+ypIs=</latexit>

is*

https://arxiv.org/abs/2004.04159
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.39.1436
https://journals-aps-org.libproxy.mit.edu/prd/pdf/10.1103/PhysRevD.19.3135
https://arxiv.org/abs/hep-ph/0407286
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EMD seems to define the “natural”
geometry for massless gauge theories 

n |MAB→12...n|
2

<latexit sha1_base64="LifGsJACsSXRID7DHmmjqyM7TFI="></latexit><latexit sha1_base64="LifGsJACsSXRID7DHmmjqyM7TFI="></latexit><latexit sha1_base64="LifGsJACsSXRID7DHmmjqyM7TFI="></latexit><latexit sha1_base64="aG3eZTyMdH8aX5d41hETbiz8OC8="></latexit>

Open question:  Can you define directly in this space?
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Manifolds for Observables

M
<latexit sha1_base64="+4OU1goSFxfSKs+mQVslb8GvFK4=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgKfS4xlvAixchglkgCaGn05M06ekZunuEMMzdH/Cqf+BNvPob/oDfYWcSwYg+KHi8V0VVPS8SXBuMP5zcwuLS8kp+tbC2vrG5VdzeaegwVpTVaShC1fKIZoJLVjfcCNaKFCOBJ1jTG11N/OY9U5qH8s6MI9YNyEByn1NirNTuBMQMKRHJTdorlnD5DLuX5xjhMs6QkYp74iJ3ppSqe5Ch1it+dvohjQMmDRVE67aLI9NNiDKcCpYWOrFmEaEjMmBtSyUJmO4m2ckpOrRKH/mhsiUNytSfEwkJtB4Hnu2cnKh/exPxL68dG7/STbiMYsMknS7yY4FMiCb/oz5XjBoxtoRQxe2tiA6JItTYlOa2+Gwsgygt2GC+v0f/k8Zx2cVl9/a0VK1ME4I87MMBHIELF1CFa6hBHSiE8AhP8Ow8OC/Oq/M2bc05s5ldmIPz/gWfgZpN</latexit><latexit sha1_base64="+4OU1goSFxfSKs+mQVslb8GvFK4=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgKfS4xlvAixchglkgCaGn05M06ekZunuEMMzdH/Cqf+BNvPob/oDfYWcSwYg+KHi8V0VVPS8SXBuMP5zcwuLS8kp+tbC2vrG5VdzeaegwVpTVaShC1fKIZoJLVjfcCNaKFCOBJ1jTG11N/OY9U5qH8s6MI9YNyEByn1NirNTuBMQMKRHJTdorlnD5DLuX5xjhMs6QkYp74iJ3ppSqe5Ch1it+dvohjQMmDRVE67aLI9NNiDKcCpYWOrFmEaEjMmBtSyUJmO4m2ckpOrRKH/mhsiUNytSfEwkJtB4Hnu2cnKh/exPxL68dG7/STbiMYsMknS7yY4FMiCb/oz5XjBoxtoRQxe2tiA6JItTYlOa2+Gwsgygt2GC+v0f/k8Zx2cVl9/a0VK1ME4I87MMBHIELF1CFa6hBHSiE8AhP8Ow8OC/Oq/M2bc05s5ldmIPz/gWfgZpN</latexit><latexit sha1_base64="+4OU1goSFxfSKs+mQVslb8GvFK4=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgKfS4xlvAixchglkgCaGn05M06ekZunuEMMzdH/Cqf+BNvPob/oDfYWcSwYg+KHi8V0VVPS8SXBuMP5zcwuLS8kp+tbC2vrG5VdzeaegwVpTVaShC1fKIZoJLVjfcCNaKFCOBJ1jTG11N/OY9U5qH8s6MI9YNyEByn1NirNTuBMQMKRHJTdorlnD5DLuX5xjhMs6QkYp74iJ3ppSqe5Ch1it+dvohjQMmDRVE67aLI9NNiDKcCpYWOrFmEaEjMmBtSyUJmO4m2ckpOrRKH/mhsiUNytSfEwkJtB4Hnu2cnKh/exPxL68dG7/STbiMYsMknS7yY4FMiCb/oz5XjBoxtoRQxe2tiA6JItTYlOa2+Gwsgygt2GC+v0f/k8Zx2cVl9/a0VK1ME4I87MMBHIELF1CFa6hBHSiE8AhP8Ow8OC/Oq/M2bc05s5ldmIPz/gWfgZpN</latexit><latexit sha1_base64="BSUFuWg+E95SAj2SN3juglfYm7c=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwFSY+667gxo1QwbZCGspkOmmHTiZhZiKUkL0/4Fb/wJ249Tf8Ab/DSRrBih64cDjnXu69x485UxqhD6uysLi0vFJdra2tb2xu1bd3uipKJKEdEvFI3vlYUc4E7WimOb2LJcWhz2nPn1zmfu+eSsUicaunMfVCPBIsYARrI7n9EOsxwTy9zgb1BrJPkXNxhiCyUYGCNJ1jBzql0gAl2oP6Z38YkSSkQhOOlXIdFGsvxVIzwmlW6yeKxphM8Ii6hgocUuWlxckZPDDKEAaRNCU0LNSfEykOlZqGvunMT1S/vVz8y3MTHTS9lIk40VSQ2aIg4VBHMP8fDpmkRPOpIZhIZm6FZIwlJtqkNLcloFMRxlnNBPP9PfyfdI9sB9nOzUmj1SwjqoI9sA8OgQPOQQtcgTboAAIi8AiewLP1YL1Yr9bbrLVilTO7YA7W+xcm1Zn5</latexit>

One Event

Set of Events

O
<latexit sha1_base64="JlQAED8xBMOW3AdyPm+2eCE6Nbc=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaegRl3gLePFmBLNAEkJPpydp0tMzdPcIw5C7P+BV/8CbePU3/AG/w86iGNEHBY/3qqiq58eCa4Pxu5NbWFxaXsmvFtbWNza3its7dR0lirIajUSkmj7RTHDJaoYbwZqxYiT0BWv4w8ux37hjSvNI3po0Zp2Q9CUPOCXGSq12SMyAEpFdj7rFEnZPsXdx5iHs4gnQt+LNlFJlDyaodosf7V5Ek5BJQwXRuuXh2HQyogyngo0K7USzmNAh6bOWpZKETHeyyckjdGiVHgoiZUsaNFF/TmQk1DoNfds5PlH/9sbiX14rMUG5k3EZJ4ZJOl0UJAKZCI3/Rz2uGDUitYRQxe2tiA6IItTYlOa2BCyVYTwq2GC+vkf/k/qx62HXuzkpVcrThCAP+3AAR+DBOVTgCqpQAwoRPMAjPDn3zrPz4rxOW3PObGYX5uC8fQKxqppZ</latexit><latexit sha1_base64="JlQAED8xBMOW3AdyPm+2eCE6Nbc=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaegRl3gLePFmBLNAEkJPpydp0tMzdPcIw5C7P+BV/8CbePU3/AG/w86iGNEHBY/3qqiq58eCa4Pxu5NbWFxaXsmvFtbWNza3its7dR0lirIajUSkmj7RTHDJaoYbwZqxYiT0BWv4w8ux37hjSvNI3po0Zp2Q9CUPOCXGSq12SMyAEpFdj7rFEnZPsXdx5iHs4gnQt+LNlFJlDyaodosf7V5Ek5BJQwXRuuXh2HQyogyngo0K7USzmNAh6bOWpZKETHeyyckjdGiVHgoiZUsaNFF/TmQk1DoNfds5PlH/9sbiX14rMUG5k3EZJ4ZJOl0UJAKZCI3/Rz2uGDUitYRQxe2tiA6IItTYlOa2BCyVYTwq2GC+vkf/k/qx62HXuzkpVcrThCAP+3AAR+DBOVTgCqpQAwoRPMAjPDn3zrPz4rxOW3PObGYX5uC8fQKxqppZ</latexit><latexit sha1_base64="JlQAED8xBMOW3AdyPm+2eCE6Nbc=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaegRl3gLePFmBLNAEkJPpydp0tMzdPcIw5C7P+BV/8CbePU3/AG/w86iGNEHBY/3qqiq58eCa4Pxu5NbWFxaXsmvFtbWNza3its7dR0lirIajUSkmj7RTHDJaoYbwZqxYiT0BWv4w8ux37hjSvNI3po0Zp2Q9CUPOCXGSq12SMyAEpFdj7rFEnZPsXdx5iHs4gnQt+LNlFJlDyaodosf7V5Ek5BJQwXRuuXh2HQyogyngo0K7USzmNAh6bOWpZKETHeyyckjdGiVHgoiZUsaNFF/TmQk1DoNfds5PlH/9sbiX14rMUG5k3EZJ4ZJOl0UJAKZCI3/Rz2uGDUitYRQxe2tiA6IItTYlOa2BCyVYTwq2GC+vkf/k/qx62HXuzkpVcrThCAP+3AAR+DBOVTgCqpQAwoRPMAjPDn3zrPz4rxOW3PObGYX5uC8fQKxqppZ</latexit><latexit sha1_base64="k+N7KHLY5UUKWbQWqsB+1pTchnk=">AAACBnicdVDLSsNAFJ34rPVVdelmsAiuQiI+6q7gxp0V7APSUCbTSTt0MhNmJkII2fsDbvUP3Ilbf8Mf8DuctFGs6IELh3Pu5d57gphRpR3n3VpYXFpeWa2sVdc3Nre2azu7HSUSiUkbCyZkL0CKMMpJW1PNSC+WBEUBI91gcln43TsiFRX8Vqcx8SM04jSkGGkjef0I6TFGLLvOB7W6Y5867sWZCx3bmQJ+K26p1EGJ1qD20R8KnESEa8yQUp7rxNrPkNQUM5JX+4kiMcITNCKeoRxFRPnZ9OQcHhplCEMhTXENp+rPiQxFSqVRYDqLE9VvrxD/8rxEhw0/ozxONOF4tihMGNQCFv/DIZUEa5YagrCk5laIx0girE1Kc1tCkvIozqsmmK/v4f+kc2y7ju3enNSbjTKiCtgHB+AIuOAcNMEVaIE2wECAB/AInqx769l6sV5nrQtWObMH5mC9fQI4/poF</latexit>

Distance of Closest Approach ⇒ Observable

O(E) = min
E02M

EMD(E , E 0)
<latexit sha1_base64="KhDyLbuBY7ouENLE6jtQeDrV670="></latexit><latexit sha1_base64="KhDyLbuBY7ouENLE6jtQeDrV670="></latexit><latexit sha1_base64="KhDyLbuBY7ouENLE6jtQeDrV670="></latexit><latexit sha1_base64="VOQW9UwIu0nLJqn3r6rJ/e585Fw="></latexit>
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<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>

[Komiske, Metodiev, JDT, JHEP 2020]

|2 fobs(Φn)

<latexit sha1_base64="LifGsJACsSXRID7DHmmjqyM7TFI="></latexit><latexit sha1_base64="LifGsJACsSXRID7DHmmjqyM7TFI="></latexit><latexit sha1_base64="LifGsJACsSXRID7DHmmjqyM7TFI="></latexit><latexit sha1_base64="aG3eZTyMdH8aX5d41hETbiz8OC8="></latexit>

https://arxiv.org/abs/2004.04159
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E.g. Thrust
How dijet-like is an event?
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<latexit sha1_base64="ssH/DqpuHJHfFAwagi09v/Cr6gE=">AAACE3icdVDLSgMxFL3j2/qqD9y4CRbBVcn4dld047KCbYW2lkyaaYNJZkgyQhnnM/wBt/oH7sStH+AP+B2mUwUVPRA4nHMv9+QEseDGYvzmjY1PTE5Nz8wW5uYXFpeKyyt1EyWashqNRKQvA2KY4IrVLLeCXcaaERkI1giuT4d+44ZpwyN1YQcxa0vSUzzklFgndYrrLUlsnxKRVrOrtKUlOjnJOjudYgmX97F/fIARLuMcOTnyd33kfyqlyhrkqHaK761uRBPJlKWCGNP0cWzbKdGWU8GyQisxLCb0mvRY01FFJDPtNM+foS2ndFEYafeURbn6fSMl0piBDNzkMK357Q3Fv7xmYsOjdspVnFim6OhQmAhkIzQsA3W5ZtSKgSOEau6yItonmlDrKvtxJWQDJeOs4Ir5+j36n9R3yj4u++d7pQoeNQQzsAGbsA0+HEIFzqAKNaBwC/fwAI/enffkPXsvo9Ex73NnFX7Ae/0A/pSerQ==</latexit><latexit sha1_base64="ssH/DqpuHJHfFAwagi09v/Cr6gE=">AAACE3icdVDLSgMxFL3j2/qqD9y4CRbBVcn4dld047KCbYW2lkyaaYNJZkgyQhnnM/wBt/oH7sStH+AP+B2mUwUVPRA4nHMv9+QEseDGYvzmjY1PTE5Nz8wW5uYXFpeKyyt1EyWashqNRKQvA2KY4IrVLLeCXcaaERkI1giuT4d+44ZpwyN1YQcxa0vSUzzklFgndYrrLUlsnxKRVrOrtKUlOjnJOjudYgmX97F/fIARLuMcOTnyd33kfyqlyhrkqHaK761uRBPJlKWCGNP0cWzbKdGWU8GyQisxLCb0mvRY01FFJDPtNM+foS2ndFEYafeURbn6fSMl0piBDNzkMK357Q3Fv7xmYsOjdspVnFim6OhQmAhkIzQsA3W5ZtSKgSOEau6yItonmlDrKvtxJWQDJeOs4Ir5+j36n9R3yj4u++d7pQoeNQQzsAGbsA0+HEIFzqAKNaBwC/fwAI/enffkPXsvo9Ex73NnFX7Ae/0A/pSerQ==</latexit><latexit sha1_base64="ssH/DqpuHJHfFAwagi09v/Cr6gE=">AAACE3icdVDLSgMxFL3j2/qqD9y4CRbBVcn4dld047KCbYW2lkyaaYNJZkgyQhnnM/wBt/oH7sStH+AP+B2mUwUVPRA4nHMv9+QEseDGYvzmjY1PTE5Nz8wW5uYXFpeKyyt1EyWashqNRKQvA2KY4IrVLLeCXcaaERkI1giuT4d+44ZpwyN1YQcxa0vSUzzklFgndYrrLUlsnxKRVrOrtKUlOjnJOjudYgmX97F/fIARLuMcOTnyd33kfyqlyhrkqHaK761uRBPJlKWCGNP0cWzbKdGWU8GyQisxLCb0mvRY01FFJDPtNM+foS2ndFEYafeURbn6fSMl0piBDNzkMK357Q3Fv7xmYsOjdspVnFim6OhQmAhkIzQsA3W5ZtSKgSOEau6yItonmlDrKvtxJWQDJeOs4Ir5+j36n9R3yj4u++d7pQoeNQQzsAGbsA0+HEIFzqAKNaBwC/fwAI/enffkPXsvo9Ex73NnFX7Ae/0A/pSerQ==</latexit><latexit sha1_base64="dJttqGz1EWV3twGSS0kVVtxlisU=">AAACE3icdVDLSgMxFM3UV62vUcGNm2ARXJVMfdVdqRuXFewD2loyaaYNTTJDkhHKOJ/hD7jVP3Anbv0Af8DvMH0IVvRA4HDOvdyT40ecaYPQh5NZWFxaXsmu5tbWNza33O2dug5jRWiNhDxUTR9rypmkNcMMp81IUSx8Thv+8HLsN+6o0iyUN2YU0Y7AfckCRrCxUtfdawtsBgTzpJreJm0lYKWSdotdN48Kp8i7OEMQFdAEE1Lyjj3ozZQ8mKHadT/bvZDEgkpDONa65aHIdBKsDCOcprl2rGmEyRD3actSiQXVnWSSP4WHVunBIFT2SQMn6s+NBAutR8K3k+O0+rc3Fv/yWrEJSp2EySg2VJLpoSDm0IRwXAbsMUWJ4SNLMFHMZoVkgBUmxlY2dyWgIymiNGeL+f49/J/UiwUPFbzrk3wZzSrKgn1wAI6AB85BGVyBKqgBAu7BI3gCz86D8+K8Om/T0Ywz29kFc3DevwCF6J5Z</latexit>

…

[Komiske, Metodiev, JDT, JHEP 2020]
[Brandt, Peyrou, Sosnowski, Wroblewski, PL 1964; Farhi, PRL 1977;  ALEPH, PLB 1991]

All Back-to-Back Two Particle Configurations

t
<latexit sha1_base64="xsud14FDcektnrghDiXFlY0IVqE=">AAAB/HicdVDJSgNBEK1xjXGLy81LYxA8hR7XeAt48ZiAWSCG0NOpSRp7eobuHiGE+ANe9Q+8iVf/xR/wO+xMIqjog4LHe1VU1QsSKYyl9N2bm19YXFrOreRX19Y3Ngtb2w0Tp5pjnccy1q2AGZRCYd0KK7GVaGRRILEZ3F5O/OYdaiNidW2HCXYi1lciFJxZJ9Vst1CkpVPqX5xRQks0Q0bK/rFP/JlSrOxChmq38HHTi3kaobJcMmPaPk1sZ8S0FVziOH+TGkwYv2V9bDuqWISmM8oOHZMDp/RIGGtXypJM/T4xYpExwyhwnRGzA/Pbm4h/ee3UhuXOSKgktaj4dFGYSmJjMvma9IRGbuXQEca1cLcSPmCaceuy+bElxKGKknHeBfP1PfmfNI5KPi35tZNihU4TghzswT4cgg/nUIErqEIdOCA8wCM8effes/fivU5b57zZzA78gPf2Calkldo=</latexit><latexit sha1_base64="xsud14FDcektnrghDiXFlY0IVqE=">AAAB/HicdVDJSgNBEK1xjXGLy81LYxA8hR7XeAt48ZiAWSCG0NOpSRp7eobuHiGE+ANe9Q+8iVf/xR/wO+xMIqjog4LHe1VU1QsSKYyl9N2bm19YXFrOreRX19Y3Ngtb2w0Tp5pjnccy1q2AGZRCYd0KK7GVaGRRILEZ3F5O/OYdaiNidW2HCXYi1lciFJxZJ9Vst1CkpVPqX5xRQks0Q0bK/rFP/JlSrOxChmq38HHTi3kaobJcMmPaPk1sZ8S0FVziOH+TGkwYv2V9bDuqWISmM8oOHZMDp/RIGGtXypJM/T4xYpExwyhwnRGzA/Pbm4h/ee3UhuXOSKgktaj4dFGYSmJjMvma9IRGbuXQEca1cLcSPmCaceuy+bElxKGKknHeBfP1PfmfNI5KPi35tZNihU4TghzswT4cgg/nUIErqEIdOCA8wCM8effes/fivU5b57zZzA78gPf2Calkldo=</latexit><latexit sha1_base64="xsud14FDcektnrghDiXFlY0IVqE=">AAAB/HicdVDJSgNBEK1xjXGLy81LYxA8hR7XeAt48ZiAWSCG0NOpSRp7eobuHiGE+ANe9Q+8iVf/xR/wO+xMIqjog4LHe1VU1QsSKYyl9N2bm19YXFrOreRX19Y3Ngtb2w0Tp5pjnccy1q2AGZRCYd0KK7GVaGRRILEZ3F5O/OYdaiNidW2HCXYi1lciFJxZJ9Vst1CkpVPqX5xRQks0Q0bK/rFP/JlSrOxChmq38HHTi3kaobJcMmPaPk1sZ8S0FVziOH+TGkwYv2V9bDuqWISmM8oOHZMDp/RIGGtXypJM/T4xYpExwyhwnRGzA/Pbm4h/ee3UhuXOSKgktaj4dFGYSmJjMvma9IRGbuXQEca1cLcSPmCaceuy+bElxKGKknHeBfP1PfmfNI5KPi35tZNihU4TghzswT4cgg/nUIErqEIdOCA8wCM8effes/fivU5b57zZzA78gPf2Calkldo=</latexit><latexit sha1_base64="3a3GJjcdt+LQtD5NsG2okswqLl0=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hVmf8Rbw4jEB84BkCbOT3mTI7OwyMyssIf6AV/0Db+LVf/EH/A4nmxWMaEFDUdVNd5cfC64NIR/O0vLK6tp6YaO4ubW9s1va22/pKFEMmiwSker4VIPgEpqGGwGdWAENfQFtf3wz89v3oDSP5J1JY/BCOpQ84IwaKzVMv1QmlQviXl8STCokQ0aq7pmL3Vwpoxz1fumzN4hYEoI0TFCtuy6JjTehynAmYFrsJRpiysZ0CF1LJQ1Be5Ps0Ck+tsoAB5GyJQ3O1J8TExpqnYa+7QypGenf3kz8y+smJqh6Ey7jxIBk80VBIrCJ8OxrPOAKmBGpJZQpbm/FbEQVZcZms7AlgFSG8bRog/n+Hv9PWqcVl1Tcxnm5RvKICugQHaET5KIrVEO3qI6aiCFAj+gJPTsPzovz6rzNW5ecfOYALcB5/wIwuJWG</latexit>
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<latexit sha1_base64="zgidZ4fqNbTDwRWG7QTnKk7fZ3w="></latexit><latexit sha1_base64="zgidZ4fqNbTDwRWG7QTnKk7fZ3w="></latexit><latexit sha1_base64="zgidZ4fqNbTDwRWG7QTnKk7fZ3w="></latexit><latexit sha1_base64="IuEaBKSYK0rXx7pdlVKHud/x6So="></latexit>
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<latexit sha1_base64="zgidZ4fqNbTDwRWG7QTnKk7fZ3w="></latexit><latexit sha1_base64="zgidZ4fqNbTDwRWG7QTnKk7fZ3w="></latexit><latexit sha1_base64="zgidZ4fqNbTDwRWG7QTnKk7fZ3w="></latexit><latexit sha1_base64="IuEaBKSYK0rXx7pdlVKHud/x6So="></latexit>

E
<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>

(using β=2 EMD variant)
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Fig. 5. Measured dis tributions  for T, C and O for Yc,t = 0.03 together with uncorrected and corrected QCD pre dictions  for a = ½Mz. 

Ta ble  3 

Re s ults  fo r c%(M~ ) with  combine d  e xpe rime nta l e rro rs  a nd e rro rs  due  to  mode l corre c tions  toge the r with  coe fficie nts  o fa  pa ra me te ri- 

za tion for the  cha nge  cq ( f)  - ~s  ( f=  0.25 ) = q In ( 4 f ) + c2 In 2 ( 4 f ). The  la s t co lumn give s  a  lowe r limit fo r the  sca le  p a ra m e te rfwh e re  the  

pa ra me te riza tion  is  s till with in  the  s ta tis tica l e rro r o f the  fitte d va lue . 

Dis tribu tion  a s  (M~),  f=  0.25 c j c2 fmi. 

CEEC 0.118 +_ 0.002 +_ 0.005 0.00371 0,00034 0.002 

T 0.123 + 0.004 _+ 0.006 0.00449 0,00035 0.001 

C 0.124 +_ 0.004 +_ 0.006 0.00427 0.00037 0.001 

O 0.115 + 0.004 _+ 0.005 0.00375 0.00035 0.001 

ore tica l e rro rs .  Th e  c o m b in e d  s ca le  d e p e n d e n c e  is  7 .  Co nc lus io ns  

th e n  

O~s( M~,  f ) -o ~ (  M ~ , f  ---0.25 ) 

= 0 . 0 0 3 5 6  ln ( 4 f)  +0 . 0 0 0 3 5  ln 2 (4 f)  , 

wh ic h  le a ds  to  a  va ria tio n  o f -o.oo9+°°°6 for s ca le s  ra n g in g  

fro m  th e  b -q u a rk m a s s  u p  to  Mz. 

490  

The  s tro ng  c o upling  c o ns ta nt ha s  be e n  m e a s u re d  

fro m a n a na lys is  o f the  s truc ture  o f pre -c lus te re d 

e ve nts .  Ene rg y-e ne rg y  c o rre la tio n,  thrus t,  C-pa ra m-  

e te r a nd o bla te ne s s  a ll y ie ld  c o ns is te nt va lue s  fo r 

~ s ( M~ )  with  mo de ra te  the o re tic a l e rrors .  The  c o rn- 
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t
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33Jesse Thaler (MIT) — The Hidden Geometry of Particle Collisions

New! Event Isotropy
How isotropic is an event?

[Cesarotti, JDT, JHEP 2020;
see also Cesarotti, Reece, Strassler, arXiv 2020]
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Event Isotropy

qq

N=10, AUC = 0.997

N=25, AUC = 1.000

N=50, AUC = 1.000
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<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>

https://arxiv.org/abs/2004.06125
https://arxiv.org/abs/2009.08981


34Jesse Thaler (MIT) — The Hidden Geometry of Particle Collisions

N-subjettiness
Ubiquitous jet substructure observable used for almost a decade…

[JDT, Van Tilburg, JHEP 2011, JHEP 2012;
based on Brandt, Dahmen, ZPC 1979; Stewart, Tackmann, Waalewijn, PRL 2010]

τN (J ) = min
N axes

X

i

Ei min {θ1,i, θ2,i, . . . , θN,i}

<latexit sha1_base64="PmFIT7K6/Eh7dQYuKLob18yejwY="></latexit><latexit sha1_base64="PmFIT7K6/Eh7dQYuKLob18yejwY="></latexit><latexit sha1_base64="PmFIT7K6/Eh7dQYuKLob18yejwY="></latexit><latexit sha1_base64="d/SciImyf7gIlsLPeWrKIGrZl7U="></latexit>
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https://arxiv.org/abs/1011.2268
https://arxiv.org/abs/1108.2701
https://link.springer.com/article/10.1007/BF01450381
https://arxiv.org/abs/1004.2489


35Jesse Thaler (MIT) — The Hidden Geometry of Particle Collisions

N-subjettiness = Point to Manifold EMD
…is secretly an optimal transport problem

[JDT, Van Tilburg, JHEP 2011, JHEP 2012;
rephrased in the language of Komiske, Metodiev, JDT, PRL 2019]

P2
<latexit sha1_base64="HCtUNp3JQxizVnLfnOcMYXRPGOE=">AAACDHicdVDLSgMxFL3js9ZXfezcBIvgqmRa7WNXcOOygq1COwyZNKPBTGZIMkIZ5hf8Abf6B+7Erf/gD/gdZloFFT0QOJxzL/fkBIng2mD85szNLywuLZdWyqtr6xubla3tgY5TRVmfxiJWlwHRTHDJ+oYbwS4TxUgUCHYR3JwU/sUtU5rH8txMEuZF5ErykFNirORXNkcRMdeUiKyX+1k99ytVXMPN404DI1w7xm6r07EE42a7UUeuJQWq3V2YoudX3kfjmKYRk4YKovXQxYnxMqIMp4Ll5VGqWULoDbliQ0sliZj2smnwHB1YZYzCWNknDZqq3zcyEmk9iQI7WcTUv71C/MsbpiZsexmXSWqYpLNDYSqQiVHRAhpzxagRE0sIVdxmRfSaKEKN7erHlZBNZJTkZVvM1+/R/2RQr7m45p4dVbvtWUNQgj3Yh0NwoQVdOIUe9IFCCvfwAI/OnfPkPDsvs9E553NnB37Aef0AdLWcWQ==</latexit><latexit sha1_base64="HCtUNp3JQxizVnLfnOcMYXRPGOE=">AAACDHicdVDLSgMxFL3js9ZXfezcBIvgqmRa7WNXcOOygq1COwyZNKPBTGZIMkIZ5hf8Abf6B+7Erf/gD/gdZloFFT0QOJxzL/fkBIng2mD85szNLywuLZdWyqtr6xubla3tgY5TRVmfxiJWlwHRTHDJ+oYbwS4TxUgUCHYR3JwU/sUtU5rH8txMEuZF5ErykFNirORXNkcRMdeUiKyX+1k99ytVXMPN404DI1w7xm6r07EE42a7UUeuJQWq3V2YoudX3kfjmKYRk4YKovXQxYnxMqIMp4Ll5VGqWULoDbliQ0sliZj2smnwHB1YZYzCWNknDZqq3zcyEmk9iQI7WcTUv71C/MsbpiZsexmXSWqYpLNDYSqQiVHRAhpzxagRE0sIVdxmRfSaKEKN7erHlZBNZJTkZVvM1+/R/2RQr7m45p4dVbvtWUNQgj3Yh0NwoQVdOIUe9IFCCvfwAI/OnfPkPDsvs9E553NnB37Aef0AdLWcWQ==</latexit><latexit sha1_base64="HCtUNp3JQxizVnLfnOcMYXRPGOE=">AAACDHicdVDLSgMxFL3js9ZXfezcBIvgqmRa7WNXcOOygq1COwyZNKPBTGZIMkIZ5hf8Abf6B+7Erf/gD/gdZloFFT0QOJxzL/fkBIng2mD85szNLywuLZdWyqtr6xubla3tgY5TRVmfxiJWlwHRTHDJ+oYbwS4TxUgUCHYR3JwU/sUtU5rH8txMEuZF5ErykFNirORXNkcRMdeUiKyX+1k99ytVXMPN404DI1w7xm6r07EE42a7UUeuJQWq3V2YoudX3kfjmKYRk4YKovXQxYnxMqIMp4Ll5VGqWULoDbliQ0sliZj2smnwHB1YZYzCWNknDZqq3zcyEmk9iQI7WcTUv71C/MsbpiZsexmXSWqYpLNDYSqQiVHRAhpzxagRE0sIVdxmRfSaKEKN7erHlZBNZJTkZVvM1+/R/2RQr7m45p4dVbvtWUNQgj3Yh0NwoQVdOIUe9IFCCvfwAI/OnfPkPDsvs9E553NnB37Aef0AdLWcWQ==</latexit><latexit sha1_base64="KOxF7/xLsYdqqJTwGj/l/E7wiKw=">AAACDHicdVDLSgMxFM34rPXRqks3wSK4KpnWvnYFNy4r2Ae0w5BJM21oJjMkGaEM8wv+gFv9A3fi1n/wB/wOM20FK3ogcDjnXu7J8SLOlEbow9rY3Nre2c3t5fcPDo8KxeOTngpjSWiXhDyUAw8rypmgXc00p4NIUhx4nPa92XXm9++pVCwUd3oeUSfAE8F8RrA2klssjAKspwTzpJO6SSV1iyVURvVaq4ogKteQ3Wi1DEGo3qxWoG1IhhJYoeMWP0fjkMQBFZpwrNTQRpF2Eiw1I5ym+VGsaITJDE/o0FCBA6qcZBE8hRdGGUM/lOYJDRfqz40EB0rNA89MZjHVby8T//KGsfabTsJEFGsqyPKQH3OoQ5i1AMdMUqL53BBMJDNZIZliiYk2Xa1d8elcBFGaN8V8/x7+T3qVso3K9u1Vqd1cVZQDZ+AcXAIbNEAb3IAO6AICYvAInsCz9WC9WK/W23J0w1rtnII1WO9f+/qcBQ==</latexit>

τ3
<latexit sha1_base64="KqQR3F4dUEcWwyc0uHPsydYe0oY=">AAACLnicbZDLSsNAFIZP6q3WW73s3ASL4EJKUgW7LLhxWcFeoAlhMp20QyeTMDMRSshz+Bq+gFt9A8GFuBMfw0nahW39YeDjP+fMOfx+zKhUlvVhlNbWNza3ytuVnd29/YPq4VFXRonApIMjFom+jyRhlJOOooqRfiwICn1Gev7kNq/3HomQNOIPahoTN0QjTgOKkdKWV7VTp/hkIEa+m1r1hpXrcgUyR6HES6+yzKvWrHrhWeYq2HOotU6gUNurfjvDCCch4QozJOXAtmLlpkgoihnJKk4iSYzwBI3IQCNHIZFuWlyVmefaGZpBJPTjyizcvxMpCqWchr7uDJEay+Vabv5XGyQqaLop5XGiCMezRUHCTBWZeU7mkAqCFZtqQFhQfauJx0ggrHSaC1sCMuVhnFV0MPZyDKvQbdRtq27fX9dazVlCUIZTOIMLsOEGWnAHbegAhid4gVd4M56Nd+PT+Jq1loz5zDEsyPj5BYsIpcM=</latexit><latexit sha1_base64="KqQR3F4dUEcWwyc0uHPsydYe0oY=">AAACLnicbZDLSsNAFIZP6q3WW73s3ASL4EJKUgW7LLhxWcFeoAlhMp20QyeTMDMRSshz+Bq+gFt9A8GFuBMfw0nahW39YeDjP+fMOfx+zKhUlvVhlNbWNza3ytuVnd29/YPq4VFXRonApIMjFom+jyRhlJOOooqRfiwICn1Gev7kNq/3HomQNOIPahoTN0QjTgOKkdKWV7VTp/hkIEa+m1r1hpXrcgUyR6HES6+yzKvWrHrhWeYq2HOotU6gUNurfjvDCCch4QozJOXAtmLlpkgoihnJKk4iSYzwBI3IQCNHIZFuWlyVmefaGZpBJPTjyizcvxMpCqWchr7uDJEay+Vabv5XGyQqaLop5XGiCMezRUHCTBWZeU7mkAqCFZtqQFhQfauJx0ggrHSaC1sCMuVhnFV0MPZyDKvQbdRtq27fX9dazVlCUIZTOIMLsOEGWnAHbegAhid4gVd4M56Nd+PT+Jq1loz5zDEsyPj5BYsIpcM=</latexit><latexit sha1_base64="KqQR3F4dUEcWwyc0uHPsydYe0oY=">AAACLnicbZDLSsNAFIZP6q3WW73s3ASL4EJKUgW7LLhxWcFeoAlhMp20QyeTMDMRSshz+Bq+gFt9A8GFuBMfw0nahW39YeDjP+fMOfx+zKhUlvVhlNbWNza3ytuVnd29/YPq4VFXRonApIMjFom+jyRhlJOOooqRfiwICn1Gev7kNq/3HomQNOIPahoTN0QjTgOKkdKWV7VTp/hkIEa+m1r1hpXrcgUyR6HES6+yzKvWrHrhWeYq2HOotU6gUNurfjvDCCch4QozJOXAtmLlpkgoihnJKk4iSYzwBI3IQCNHIZFuWlyVmefaGZpBJPTjyizcvxMpCqWchr7uDJEay+Vabv5XGyQqaLop5XGiCMezRUHCTBWZeU7mkAqCFZtqQFhQfauJx0ggrHSaC1sCMuVhnFV0MPZyDKvQbdRtq27fX9dazVlCUIZTOIMLsOEGWnAHbegAhid4gVd4M56Nd+PT+Jq1loz5zDEsyPj5BYsIpcM=</latexit><latexit sha1_base64="i+um0Dabifojc2j9VzRYGi5lvkw=">AAACLnicbZDLSsNAFIYnXmu9RV26CRbBhYSkCnZZcOOygr1AEsJkOmmHTiZhZiKEkOfwNXwBt/oGggtxJz6GkzQL2/rDwMd/zplz+IOEEiEt60NbW9/Y3Npu7DR39/YPDvWj44GIU45wH8U05qMACkwJw31JJMWjhGMYBRQPg9ltWR8+Yi5IzB5klmAvghNGQoKgVJav27lbfeLwSeDlltm2Sl2uQOFKmPr5VVH4essyK88yVsGuoQVq9Xz92x3HKI0wk4hCIRzbSqSXQy4JorhouqnACUQzOMGOQgYjLLy8uqowzpUzNsKYq8ekUbl/J3IYCZFFgeqMoJyK5Vpp/ldzUhl2vJywJJWYofmiMKWGjI0yJ2NMOEaSZgog4kTdaqAp5BBJlebClhBnLEqKpgrGXo5hFQZt07ZM+/661e3UETXAKTgDF8AGN6AL7kAP9AECT+AFvII37Vl71z61r3nrmlbPnIAFaT+/Elylbw==</latexit>

τ2
<latexit sha1_base64="OCMGyArS3uD5slhCVygpthd/noA=">AAACLnicbZDLSsNAFIZP6q3WW73s3ASL4EJKUgS7LLhxWcG2QhvKZDpph85MwsxECCHP4Wv4Am71DQQX4k58DCdpF7b1h4GP/5wz5/D7EaNKO86HVVpb39jcKm9Xdnb39g+qh0ddFcYSkw4OWSgffKQIo4J0NNWMPESSIO4z0vOnN3m990ikoqG410lEPI7GggYUI22sYdVNB8UnfTn2vdSpN5xclyuQDTSKh2kjy4bVmlMvPMdeBXcOtdYJFGoPq9+DUYhjToTGDCnVd51IeymSmmJGssogViRCeIrGpG9QIE6UlxZXZfa5cUZ2EErzhLYL9+9EirhSCfdNJ0d6opZruflfrR/roOmlVESxJgLPFgUxs3Vo5znZIyoJ1iwxgLCk5lYbT5BEWJs0F7YEJBE8yiomGHc5hlXoNuquU3fvrmqt5iwhKMMpnMEFuHANLbiFNnQAwxO8wCu8Wc/Wu/Vpfc1aS9Z85hgWZP38AolupcI=</latexit><latexit sha1_base64="OCMGyArS3uD5slhCVygpthd/noA=">AAACLnicbZDLSsNAFIZP6q3WW73s3ASL4EJKUgS7LLhxWcG2QhvKZDpph85MwsxECCHP4Wv4Am71DQQX4k58DCdpF7b1h4GP/5wz5/D7EaNKO86HVVpb39jcKm9Xdnb39g+qh0ddFcYSkw4OWSgffKQIo4J0NNWMPESSIO4z0vOnN3m990ikoqG410lEPI7GggYUI22sYdVNB8UnfTn2vdSpN5xclyuQDTSKh2kjy4bVmlMvPMdeBXcOtdYJFGoPq9+DUYhjToTGDCnVd51IeymSmmJGssogViRCeIrGpG9QIE6UlxZXZfa5cUZ2EErzhLYL9+9EirhSCfdNJ0d6opZruflfrR/roOmlVESxJgLPFgUxs3Vo5znZIyoJ1iwxgLCk5lYbT5BEWJs0F7YEJBE8yiomGHc5hlXoNuquU3fvrmqt5iwhKMMpnMEFuHANLbiFNnQAwxO8wCu8Wc/Wu/Vpfc1aS9Z85hgWZP38AolupcI=</latexit><latexit sha1_base64="OCMGyArS3uD5slhCVygpthd/noA=">AAACLnicbZDLSsNAFIZP6q3WW73s3ASL4EJKUgS7LLhxWcG2QhvKZDpph85MwsxECCHP4Wv4Am71DQQX4k58DCdpF7b1h4GP/5wz5/D7EaNKO86HVVpb39jcKm9Xdnb39g+qh0ddFcYSkw4OWSgffKQIo4J0NNWMPESSIO4z0vOnN3m990ikoqG410lEPI7GggYUI22sYdVNB8UnfTn2vdSpN5xclyuQDTSKh2kjy4bVmlMvPMdeBXcOtdYJFGoPq9+DUYhjToTGDCnVd51IeymSmmJGssogViRCeIrGpG9QIE6UlxZXZfa5cUZ2EErzhLYL9+9EirhSCfdNJ0d6opZruflfrR/roOmlVESxJgLPFgUxs3Vo5znZIyoJ1iwxgLCk5lYbT5BEWJs0F7YEJBE8yiomGHc5hlXoNuquU3fvrmqt5iwhKMMpnMEFuHANLbiFNnQAwxO8wCu8Wc/Wu/Vpfc1aS9Z85hgWZP38AolupcI=</latexit><latexit sha1_base64="ioB2LPklbwPAdaCrjFSL7r5PwJg=">AAACLnicbZDLSsNAFIYn9VbrLerSTbAILiQkRbDLghuXFewFkhAm00k7dDIJMxMhhDyHr+ELuNU3EFyIO/ExnKRZ2NYfBj7+c86cwx8klAhpWR9aY2Nza3unudva2z84PNKPT4YiTjnCAxTTmI8DKDAlDA8kkRSPE45hFFA8Cua3ZX30iLkgMXuQWYK9CE4ZCQmCUlm+budu9YnDp4GXW2bHKnW1BoUrYernnaLw9bZlVp5lrINdQxvU6vv6tzuJURphJhGFQji2lUgvh1wSRHHRclOBE4jmcIodhQxGWHh5dVVhXChnYoQxV49Jo3L/TuQwEiKLAtUZQTkTq7XS/K/mpDLsejlhSSoxQ4tFYUoNGRtlTsaEcIwkzRRAxIm61UAzyCGSKs2lLSHOWJQULRWMvRrDOgw7pm2Z9v11u9etI2qCM3AOLoENbkAP3IE+GAAEnsALeAVv2rP2rn1qX4vWhlbPnIIlaT+/EMKlbg==</latexit>

J
<latexit sha1_base64="ExPMY3VaKcIHcnf9hY3G/UyXlDQ=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEW8CKeIpgFJiH0dHqSJj3dQ3ePEIbc/QGv+gfexKu/4Q/4HXYmCsblQcHjvSqq6oUJZ9p43ptTWFpeWV0rrpc2Nre2d8q7ey0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHwx89u3VGkmxY2ZJLQX46FgESPYWCnoxtiMCObZ1bRfrnjuedWzQL+J73o5KvUDyNHol9+7A0nSmApDONY68L3E9DKsDCOcTkvdVNMEkzEe0sBSgWOqe1l+8hQdW2WAIqlsCYNy9ftEhmOtJ3FoO2cn6p/eTPzLC1IT1XoZE0lqqCDzRVHKkZFo9j8aMEWJ4RNLMFHM3orICCtMjE1pYUtEJyJOpiUbzNf36H/SOnV9z/Wvzyr12jwhKMIhHMEJ+FCFOlxCA5pAQMI9PMCjc+c8Oc/Oy7y14HzO7MMCnNcPsDCaWA==</latexit><latexit sha1_base64="ExPMY3VaKcIHcnf9hY3G/UyXlDQ=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEW8CKeIpgFJiH0dHqSJj3dQ3ePEIbc/QGv+gfexKu/4Q/4HXYmCsblQcHjvSqq6oUJZ9p43ptTWFpeWV0rrpc2Nre2d8q7ey0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHwx89u3VGkmxY2ZJLQX46FgESPYWCnoxtiMCObZ1bRfrnjuedWzQL+J73o5KvUDyNHol9+7A0nSmApDONY68L3E9DKsDCOcTkvdVNMEkzEe0sBSgWOqe1l+8hQdW2WAIqlsCYNy9ftEhmOtJ3FoO2cn6p/eTPzLC1IT1XoZE0lqqCDzRVHKkZFo9j8aMEWJ4RNLMFHM3orICCtMjE1pYUtEJyJOpiUbzNf36H/SOnV9z/Wvzyr12jwhKMIhHMEJ+FCFOlxCA5pAQMI9PMCjc+c8Oc/Oy7y14HzO7MMCnNcPsDCaWA==</latexit><latexit sha1_base64="ExPMY3VaKcIHcnf9hY3G/UyXlDQ=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEW8CKeIpgFJiH0dHqSJj3dQ3ePEIbc/QGv+gfexKu/4Q/4HXYmCsblQcHjvSqq6oUJZ9p43ptTWFpeWV0rrpc2Nre2d8q7ey0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHwx89u3VGkmxY2ZJLQX46FgESPYWCnoxtiMCObZ1bRfrnjuedWzQL+J73o5KvUDyNHol9+7A0nSmApDONY68L3E9DKsDCOcTkvdVNMEkzEe0sBSgWOqe1l+8hQdW2WAIqlsCYNy9ftEhmOtJ3FoO2cn6p/eTPzLC1IT1XoZE0lqqCDzRVHKkZFo9j8aMEWJ4RNLMFHM3orICCtMjE1pYUtEJyJOpiUbzNf36H/SOnV9z/Wvzyr12jwhKMIhHMEJ+FCFOlxCA5pAQMI9PMCjc+c8Oc/Oy7y14HzO7MMCnNcPsDCaWA==</latexit><latexit sha1_base64="mkvvNO5IlOBoVho0vevrWglo9yk=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFN+Kqgn1AGspkOmmHziPMTIQQsvcH3OofuBO3/oY/4Hc4aStYHwcuHM65l3vvCWNGtXHdd6e0srq2vlHerGxt7+zuVfcPulomCpMOlkyqfog0YVSQjqGGkX6sCOIhI71weln4vTuiNJXi1qQxCTgaCxpRjIyV/AFHZoIRy67zYbXm1i8argX8Tby6O0MNLNAeVj8GI4kTToTBDGnte25sggwpQzEjeWWQaBIjPEVj4lsqECc6yGYn5/DEKiMYSWVLGDhTv09kiGud8tB2Fifqn14h/uX5iYmaQUZFnBgi8HxRlDBoJCz+hyOqCDYstQRhRe2tEE+QQtjYlJa2RCQVPM4rNpiv7+H/pHtW99y6d3NeazUXEZXBETgGp8ADDdACV6ANOgADCR7AI3hy7p1n58V5nbeWnMXMIViC8/YJN4SaBA==</latexit>

P3
<latexit sha1_base64="b63OzAhC8op/lOfLn7sqtXh64Vw=">AAACCHicdVDLSgMxFL3js9ZXfezcBIvgqiQqWndFNy4r2Fpoh5JJMzWYyYxJRijD/IA/4Fb/wJ249S/8Ab/DTKugogcCh3Pu5Z6cIJHCWIzfvKnpmdm5+dJCeXFpeWW1srbeNnGqGW+xWMa6E1DDpVC8ZYWVvJNoTqNA8svg+rTwL2+5NiJWF3aUcD+iQyVCwah1kt+LqL1iVGbNvL/fr1RxDWNMCEEFIUeH2JHj4/oeqSNSWA7VxiaM0exX3nuDmKURV5ZJakyX4MT6GdVWMMnzci81PKHsmg5511FFI278bBw6RztOGaAw1u4pi8bq942MRsaMosBNFiHNb68Q//K6qQ3rfiZUklqu2ORQmEpkY1Q0gAZCc2blyBHKtHBZEbuimjLrevpxJeQjFSV52RXz9Xv0P2nv1QiukfODauNk0hCUYAu2YRcIHEEDzqAJLWBwA/fwAI/enffkPXsvk9Ep73NnA37Ae/0AAJ6bFA==</latexit><latexit sha1_base64="b63OzAhC8op/lOfLn7sqtXh64Vw=">AAACCHicdVDLSgMxFL3js9ZXfezcBIvgqiQqWndFNy4r2Fpoh5JJMzWYyYxJRijD/IA/4Fb/wJ249S/8Ab/DTKugogcCh3Pu5Z6cIJHCWIzfvKnpmdm5+dJCeXFpeWW1srbeNnGqGW+xWMa6E1DDpVC8ZYWVvJNoTqNA8svg+rTwL2+5NiJWF3aUcD+iQyVCwah1kt+LqL1iVGbNvL/fr1RxDWNMCEEFIUeH2JHj4/oeqSNSWA7VxiaM0exX3nuDmKURV5ZJakyX4MT6GdVWMMnzci81PKHsmg5511FFI278bBw6RztOGaAw1u4pi8bq942MRsaMosBNFiHNb68Q//K6qQ3rfiZUklqu2ORQmEpkY1Q0gAZCc2blyBHKtHBZEbuimjLrevpxJeQjFSV52RXz9Xv0P2nv1QiukfODauNk0hCUYAu2YRcIHEEDzqAJLWBwA/fwAI/enffkPXsvk9Ep73NnA37Ae/0AAJ6bFA==</latexit><latexit sha1_base64="b63OzAhC8op/lOfLn7sqtXh64Vw=">AAACCHicdVDLSgMxFL3js9ZXfezcBIvgqiQqWndFNy4r2Fpoh5JJMzWYyYxJRijD/IA/4Fb/wJ249S/8Ab/DTKugogcCh3Pu5Z6cIJHCWIzfvKnpmdm5+dJCeXFpeWW1srbeNnGqGW+xWMa6E1DDpVC8ZYWVvJNoTqNA8svg+rTwL2+5NiJWF3aUcD+iQyVCwah1kt+LqL1iVGbNvL/fr1RxDWNMCEEFIUeH2JHj4/oeqSNSWA7VxiaM0exX3nuDmKURV5ZJakyX4MT6GdVWMMnzci81PKHsmg5511FFI278bBw6RztOGaAw1u4pi8bq942MRsaMosBNFiHNb68Q//K6qQ3rfiZUklqu2ORQmEpkY1Q0gAZCc2blyBHKtHBZEbuimjLrevpxJeQjFSV52RXz9Xv0P2nv1QiukfODauNk0hCUYAu2YRcIHEEDzqAJLWBwA/fwAI/enffkPXsvk9Ep73NnA37Ae/0AAJ6bFA==</latexit><latexit sha1_base64="6hfh3QuRDrc9UnVjZl786dozKAs=">AAACCHicdVDLSgMxFM3UV62vqks3wSK4KkkV2+6KblxWsA9oh5JJM21oJjMmGaEM8wP+gFv9A3fi1r/wB/wOM20FK3ogcDjnXu7J8SLBtUHow8mtrK6tb+Q3C1vbO7t7xf2Dtg5jRVmLhiJUXY9oJrhkLcONYN1IMRJ4gnW8yVXmd+6Z0jyUt2YaMTcgI8l9TomxktsPiBlTIpJmOjgbFEuojBDCGMOM4OoFsqRer1VwDeLMsiiBBZqD4md/GNI4YNJQQbTuYRQZNyHKcCpYWujHmkWETsiI9SyVJGDaTWahU3hilSH0Q2WfNHCm/txISKD1NPDsZBZS//Yy8S+vFxu/5iZcRrFhks4P+bGAJoRZA3DIFaNGTC0hVHGbFdIxUYQa29PSFZ9NZRClBVvM9+/h/6RdKWNUxjfnpcbloqI8OALH4BRgUAUNcA2aoAUouAOP4Ak8Ow/Oi/PqvM1Hc85i5xAswXn/AofjmsA=</latexit>
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<latexit sha1_base64="neH/ifYbUPlYeprS5mgTzXw5sxo="></latexit><latexit sha1_base64="neH/ifYbUPlYeprS5mgTzXw5sxo="></latexit><latexit sha1_base64="neH/ifYbUPlYeprS5mgTzXw5sxo="></latexit><latexit sha1_base64="kBcgT3nUWME3C4ofSWZR8l88bt0="></latexit>

https://arxiv.org/abs/1011.2268
https://arxiv.org/abs/1108.2701
https://arxiv.org/abs/1902.02346
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More Fun with N-particle Manifolds

N-jettiness
Distance of closest approach to N-particle manifold 

E

<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>

PM
−

1

<latexit sha1_base64="1M0j37e4Az6Q6wCm8MyKfE+3RcE=">AAACDnicdVDLSgMxFL3js9ZXfezcBIvgxiGpj9ZdwY0boYJVoS0lk2Y0NJMZkoxShvkHf8Ct/oE7cesv+AN+h2mroKIHAodz7uWenCCRwliM37yJyanpmdnCXHF+YXFpubSyem7iVDPeZLGM9WVADZdC8aYVVvLLRHMaBZJfBP2joX9xw7URsTqzg4R3InqlRCgYtU7qllbaEbXXjMqskXezkx2Sd0tl7OODPVIhCPv7mNQqeEwOq7uI+HiEcn0dRmh0S+/tXszSiCvLJDWmRXBiOxnVVjDJ82I7NTyhrE+veMtRRSNuOtkoeo62nNJDYazdUxaN1O8bGY2MGUSBmxwGNb+9ofiX10ptWOtkQiWp5YqND4WpRDZGwx5QT2jOrBw4QpkWLiti11RTZl1bP66EfKCiJC+6Yr5+j/4n5xWfYJ+c7pXrtXFDUIAN2IRtIFCFOhxDA5rA4Bbu4QEevTvvyXv2XsajE97nzhr8gPf6AXAcnNQ=</latexit><latexit sha1_base64="1M0j37e4Az6Q6wCm8MyKfE+3RcE=">AAACDnicdVDLSgMxFL3js9ZXfezcBIvgxiGpj9ZdwY0boYJVoS0lk2Y0NJMZkoxShvkHf8Ct/oE7cesv+AN+h2mroKIHAodz7uWenCCRwliM37yJyanpmdnCXHF+YXFpubSyem7iVDPeZLGM9WVADZdC8aYVVvLLRHMaBZJfBP2joX9xw7URsTqzg4R3InqlRCgYtU7qllbaEbXXjMqskXezkx2Sd0tl7OODPVIhCPv7mNQqeEwOq7uI+HiEcn0dRmh0S+/tXszSiCvLJDWmRXBiOxnVVjDJ82I7NTyhrE+veMtRRSNuOtkoeo62nNJDYazdUxaN1O8bGY2MGUSBmxwGNb+9ofiX10ptWOtkQiWp5YqND4WpRDZGwx5QT2jOrBw4QpkWLiti11RTZl1bP66EfKCiJC+6Yr5+j/4n5xWfYJ+c7pXrtXFDUIAN2IRtIFCFOhxDA5rA4Bbu4QEevTvvyXv2XsajE97nzhr8gPf6AXAcnNQ=</latexit><latexit sha1_base64="1M0j37e4Az6Q6wCm8MyKfE+3RcE=">AAACDnicdVDLSgMxFL3js9ZXfezcBIvgxiGpj9ZdwY0boYJVoS0lk2Y0NJMZkoxShvkHf8Ct/oE7cesv+AN+h2mroKIHAodz7uWenCCRwliM37yJyanpmdnCXHF+YXFpubSyem7iVDPeZLGM9WVADZdC8aYVVvLLRHMaBZJfBP2joX9xw7URsTqzg4R3InqlRCgYtU7qllbaEbXXjMqskXezkx2Sd0tl7OODPVIhCPv7mNQqeEwOq7uI+HiEcn0dRmh0S+/tXszSiCvLJDWmRXBiOxnVVjDJ82I7NTyhrE+veMtRRSNuOtkoeo62nNJDYazdUxaN1O8bGY2MGUSBmxwGNb+9ofiX10ptWOtkQiWp5YqND4WpRDZGwx5QT2jOrBw4QpkWLiti11RTZl1bP66EfKCiJC+6Yr5+j/4n5xWfYJ+c7pXrtXFDUIAN2IRtIFCFOhxDA5rA4Bbu4QEevTvvyXv2XsajE97nzhr8gPf6AXAcnNQ=</latexit><latexit sha1_base64="hj95OHj0hMroDq1cRM0j1PsgHcY=">AAACDnicdVDLSgMxFM3UV62vVpdugkVw45DUauuu4MaNUMG2QltKJs20oZnMkGSUMsw/+ANu9Q/ciVt/wR/wO0wfghU9EDiccy/35HiR4Nog9OFklpZXVtey67mNza3tnXxht6nDWFHWoKEI1a1HNBNcsobhRrDbSDESeIK1vNHFxG/dMaV5KG/MOGLdgAwk9zklxkq9fKETEDOkRCT1tJdcHeO0ly8iF52VcQlD5J4iXC2hGTmvnEDsoimKYI56L//Z6Yc0Dpg0VBCt2xhFppsQZTgVLM11Ys0iQkdkwNqWShIw3U2m0VN4aJU+9ENlnzRwqv7cSEig9Tjw7OQkqP7tTcS/vHZs/Go34TKKDZN0dsiPBTQhnPQA+1wxasTYEkIVt1khHRJFqLFtLVzx2VgGUZqzxXz/Hv5PmiUXIxdfl4u16ryiLNgHB+AIYFABNXAJ6qABKLgHj+AJPDsPzovz6rzNRjPOfGcPLMB5/wL3YZyA</latexit>

PM
−
2

<latexit sha1_base64="3gY/SO2oHA68IZwcO6RtgSHQCVg="></latexit><latexit sha1_base64="3gY/SO2oHA68IZwcO6RtgSHQCVg="></latexit><latexit sha1_base64="3gY/SO2oHA68IZwcO6RtgSHQCVg="></latexit><latexit sha1_base64="ni32HDw/9v6EG6V3r1jIBqLCGqo=">AAACDnicdVDLSgMxFM3UV62vVpdugkVwY8m09rUruHEjVLAPaEvJpJk2NJMZkoxShvkHf8Ct/oE7cesv+AN+h5m2ghU9EDiccy/35DgBZ0oj9GGl1tY3NrfS25md3b39g2zusK38UBLaIj73ZdfBinImaEszzWk3kBR7DqcdZ3qZ+J07KhXzxa2eBXTg4bFgLiNYG2mYzfU9rCcE86gZD6Pr82I8zOZRAVXK9RKCqFBGdrVeNwShSq1UhLYhCfJgieYw+9kf+ST0qNCEY6V6Ngr0IMJSM8JpnOmHigaYTPGY9gwV2KNqEM2jx/DUKCPo+tI8oeFc/bkRYU+pmeeYySSo+u0l4l9eL9RubRAxEYSaCrI45IYcah8mPcARk5RoPjMEE8lMVkgmWGKiTVsrV1w6E14QZ0wx37+H/5N2sWCjgn1zkW/UlhWlwTE4AWfABlXQAFegCVqAgHvwCJ7As/VgvViv1ttiNGUtd47ACqz3LxThnJM=</latexit>

P
M

−3

<latexit sha1_base64="hKmioshlCbd6kzWpkxthD+Id5FQ=">AAACDnicdVDLSgMxFL3j2/qqj52bYBHcWDLW2roruHEjVLBWaEvJpBkNzWSGJKOUYf7BH3Crf+BO3PoL/oDfYWaqYEUPBA7n3Ms9OV4kuDYYvztT0zOzc/MLi4Wl5ZXVteL6xqUOY0VZi4YiVFce0UxwyVqGG8GuIsVI4AnW9oYnmd++ZUrzUF6YUcR6AbmW3OeUGCv1i+vdgJgbSkTSTPvJ2X4l7RdLuFzF7nH1GI1JBVuC3cNa9Qi5ZZyj1NiCHM1+8aM7CGkcMGmoIFp3XByZXkKU4VSwtNCNNYsIHZJr1rFUkoDpXpJHT9GuVQbID5V90qBc/bmRkEDrUeDZySyo/u1l4l9eJzZ+vZdwGcWGSTo+5McCmRBlPaABV4waMbKEUMVtVkRviCLU2LYmrvhsJIMoLdhivn+P/ieXB2UXl93zw1KjPm4IFmAbdmAPXKhBA06hCS2gcAcP8AhPzr3z7Lw4r+PRKedrZxMm4Lx9AoqfnOU=</latexit><latexit sha1_base64="hKmioshlCbd6kzWpkxthD+Id5FQ=">AAACDnicdVDLSgMxFL3j2/qqj52bYBHcWDLW2roruHEjVLBWaEvJpBkNzWSGJKOUYf7BH3Crf+BO3PoL/oDfYWaqYEUPBA7n3Ms9OV4kuDYYvztT0zOzc/MLi4Wl5ZXVteL6xqUOY0VZi4YiVFce0UxwyVqGG8GuIsVI4AnW9oYnmd++ZUrzUF6YUcR6AbmW3OeUGCv1i+vdgJgbSkTSTPvJ2X4l7RdLuFzF7nH1GI1JBVuC3cNa9Qi5ZZyj1NiCHM1+8aM7CGkcMGmoIFp3XByZXkKU4VSwtNCNNYsIHZJr1rFUkoDpXpJHT9GuVQbID5V90qBc/bmRkEDrUeDZySyo/u1l4l9eJzZ+vZdwGcWGSTo+5McCmRBlPaABV4waMbKEUMVtVkRviCLU2LYmrvhsJIMoLdhivn+P/ieXB2UXl93zw1KjPm4IFmAbdmAPXKhBA06hCS2gcAcP8AhPzr3z7Lw4r+PRKedrZxMm4Lx9AoqfnOU=</latexit><latexit sha1_base64="hKmioshlCbd6kzWpkxthD+Id5FQ=">AAACDnicdVDLSgMxFL3j2/qqj52bYBHcWDLW2roruHEjVLBWaEvJpBkNzWSGJKOUYf7BH3Crf+BO3PoL/oDfYWaqYEUPBA7n3Ms9OV4kuDYYvztT0zOzc/MLi4Wl5ZXVteL6xqUOY0VZi4YiVFce0UxwyVqGG8GuIsVI4AnW9oYnmd++ZUrzUF6YUcR6AbmW3OeUGCv1i+vdgJgbSkTSTPvJ2X4l7RdLuFzF7nH1GI1JBVuC3cNa9Qi5ZZyj1NiCHM1+8aM7CGkcMGmoIFp3XByZXkKU4VSwtNCNNYsIHZJr1rFUkoDpXpJHT9GuVQbID5V90qBc/bmRkEDrUeDZySyo/u1l4l9eJzZ+vZdwGcWGSTo+5McCmRBlPaABV4waMbKEUMVtVkRviCLU2LYmrvhsJIMoLdhivn+P/ieXB2UXl93zw1KjPm4IFmAbdmAPXKhBA06hCS2gcAcP8AhPzr3z7Lw4r+PRKedrZxMm4Lx9AoqfnOU=</latexit><latexit sha1_base64="54XftPE8r2ieJirpNG/eYVMe4Mo=">AAACDnicdVDLSgMxFM34rPXV6tJNsAhuLBnb2nZXcONGqGAf0A5DJs20oZnMkGSUMsw/+ANu9Q/ciVt/wR/wO0wfghU9EDiccy/35HgRZ0oj9GGtrK6tb2xmtrLbO7t7+7n8QVuFsSS0RUIeyq6HFeVM0JZmmtNuJCkOPE473vhy6nfuqFQsFLd6ElEnwEPBfEawNpKby/cDrEcE86SZusn1WSl1cwVUrCC7XqnDOSkhQ5BdrlYuoF1EMxTAAk0399kfhCQOqNCEY6V6Noq0k2CpGeE0zfZjRSNMxnhIe4YKHFDlJLPoKTwxygD6oTRPaDhTf24kOFBqEnhmchpU/fam4l9eL9Z+zUmYiGJNBZkf8mMOdQinPcABk5RoPjEEE8lMVkhGWGKiTVtLV3w6EUGUZk0x37+H/5P2edFGRfumXGjUFhVlwBE4BqfABlXQAFegCVqAgHvwCJ7As/VgvViv1tt8dMVa7ByCJVjvXxHznJE=</latexit>

J
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<latexit sha1_base64="KCK9oqMlgumUFByC6OTcW+zbbxU=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOygmkLaSiT6aQdOpmEmYkQQvb+gFv9A3fi1t/wB/wOp62CzwMXDufcy733hClnSjvOq1VZWl5ZXauu1zY2t7Z36rt7XZVkklCPJDyR/RArypmgnmaa034qKY5DTnvh9GLm926oVCwR1zpPaRDjsWARI1gbyR/EWE8I5oVXDusNxz5vOgboN3FtZ45G+wDm6Azrb4NRQrKYCk04Vsp3nVQHBZaaEU7L2iBTNMVkisfUN1TgmKqgmJ9comOjjFCUSFNCo7n6daLAsVJ5HJrO2YnqpzcT//L8TEetoGAizTQVZLEoyjjSCZr9j0ZMUqJ5bggmkplbEZlgiYk2KX3bEtFcxGlZM8F8fo/+J91T23Vs9+qs0W4tEoIqHMIRnIALTWjDJXTAAwIJ3ME9PFi31qP1ZD0vWivWx8w+fIP18g7Bw5pj</latexit><latexit sha1_base64="KCK9oqMlgumUFByC6OTcW+zbbxU=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOygmkLaSiT6aQdOpmEmYkQQvb+gFv9A3fi1t/wB/wOp62CzwMXDufcy733hClnSjvOq1VZWl5ZXauu1zY2t7Z36rt7XZVkklCPJDyR/RArypmgnmaa034qKY5DTnvh9GLm926oVCwR1zpPaRDjsWARI1gbyR/EWE8I5oVXDusNxz5vOgboN3FtZ45G+wDm6Azrb4NRQrKYCk04Vsp3nVQHBZaaEU7L2iBTNMVkisfUN1TgmKqgmJ9comOjjFCUSFNCo7n6daLAsVJ5HJrO2YnqpzcT//L8TEetoGAizTQVZLEoyjjSCZr9j0ZMUqJ5bggmkplbEZlgiYk2KX3bEtFcxGlZM8F8fo/+J91T23Vs9+qs0W4tEoIqHMIRnIALTWjDJXTAAwIJ3ME9PFi31qP1ZD0vWivWx8w+fIP18g7Bw5pj</latexit><latexit sha1_base64="KCK9oqMlgumUFByC6OTcW+zbbxU=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOygmkLaSiT6aQdOpmEmYkQQvb+gFv9A3fi1t/wB/wOp62CzwMXDufcy733hClnSjvOq1VZWl5ZXauu1zY2t7Z36rt7XZVkklCPJDyR/RArypmgnmaa034qKY5DTnvh9GLm926oVCwR1zpPaRDjsWARI1gbyR/EWE8I5oVXDusNxz5vOgboN3FtZ45G+wDm6Azrb4NRQrKYCk04Vsp3nVQHBZaaEU7L2iBTNMVkisfUN1TgmKqgmJ9comOjjFCUSFNCo7n6daLAsVJ5HJrO2YnqpzcT//L8TEetoGAizTQVZLEoyjjSCZr9j0ZMUqJ5bggmkplbEZlgiYk2KX3bEtFcxGlZM8F8fo/+J91T23Vs9+qs0W4tEoIqHMIRnIALTWjDJXTAAwIJ3ME9PFi31qP1ZD0vWivWx8w+fIP18g7Bw5pj</latexit><latexit sha1_base64="mLPVFXE76qSokMb3S8pdhR3NoWo=">AAACBnicdVDLSsNAFJ34rPVVdelmsAiuQiJC667gxmUF0xbSUibTSTt0HmFmIoSQvT/gVv/Anbj1N/wBv8NJW8H6OHDhcM693HtPlDCqjee9Oyura+sbm5Wt6vbO7t5+7eCwo2WqMAmwZFL1IqQJo4IEhhpGeokiiEeMdKPpVel374jSVIpbkyVkwNFY0JhiZKwU9jkyE4xYHhTDWt1zLxueBfxNfNeboQ4WaA9rH/2RxCknwmCGtA59LzGDHClDMSNFtZ9qkiA8RWMSWioQJ3qQz04u4KlVRjCWypYwcKZ+n8gR1zrjke0sT9Q/vVL8ywtTEzcHORVJaojA80VxyqCRsPwfjqgi2LDMEoQVtbdCPEEKYWNTWtoSk0zwpKjaYL6+h/+Tzrnre65/c1FvNRcRVcAxOAFnwAcN0ALXoA0CgIEED+ARPDn3zrPz4rzOW1ecxcwRWILz9glJF5oP</latexit>

E

<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>

Ω+ ρU

<latexit sha1_base64="fxRmpP5XOV2+GKCKr9G7+WlrlQQ="></latexit><latexit sha1_base64="fxRmpP5XOV2+GKCKr9G7+WlrlQQ="></latexit><latexit sha1_base64="fxRmpP5XOV2+GKCKr9G7+WlrlQQ="></latexit><latexit sha1_base64="UXvmy5Fbc16aSrsm+5ejrZKkU24="></latexit>

ρU

<latexit sha1_base64="/+kPAMWODStTEx/ScQdGpzDOJVc=">AAACEHicdVDLSsNAFL3xWesrWnduBovgQkoiQuuu4MZlBfuAJpTJdNIOnUzCzEQIIT/hD7jVP3Anbv0Df8DvcNoqWB8HBg7n3Ms9c4KEM6Ud581aWl5ZXVsvbZQ3t7Z3du29/Y6KU0lom8Q8lr0AK8qZoG3NNKe9RFIcBZx2g8nl1O/eUqlYLG50llA/wiPBQkawNtLArnhyHCPvFHkR1mOCed4uBnbVqV3UHQP0m7g1Z4Zq8wBmaA3sd28YkzSiQhOOleq7TqL9HEvNCKdF2UsVTTCZ4BHtGypwRJWfz8IX6NgoQxTG0jyh0Uz9vpHjSKksCszkNKL66U3Fv7x+qsOGnzORpJoKMj8UphzpGE2bQEMmKdE8MwQTyUxWRMZYYqJNXwtXQpqJKCnKppiv36P/Sees5jo19/q82mzMG4ISHMIRnIALdWjCFbSgDQQyuIcHeLTurCfr2XqZjy5ZnzsVWID1+gFn8Z1R</latexit><latexit sha1_base64="/+kPAMWODStTEx/ScQdGpzDOJVc=">AAACEHicdVDLSsNAFL3xWesrWnduBovgQkoiQuuu4MZlBfuAJpTJdNIOnUzCzEQIIT/hD7jVP3Anbv0Df8DvcNoqWB8HBg7n3Ms9c4KEM6Ud581aWl5ZXVsvbZQ3t7Z3du29/Y6KU0lom8Q8lr0AK8qZoG3NNKe9RFIcBZx2g8nl1O/eUqlYLG50llA/wiPBQkawNtLArnhyHCPvFHkR1mOCed4uBnbVqV3UHQP0m7g1Z4Zq8wBmaA3sd28YkzSiQhOOleq7TqL9HEvNCKdF2UsVTTCZ4BHtGypwRJWfz8IX6NgoQxTG0jyh0Uz9vpHjSKksCszkNKL66U3Fv7x+qsOGnzORpJoKMj8UphzpGE2bQEMmKdE8MwQTyUxWRMZYYqJNXwtXQpqJKCnKppiv36P/Sees5jo19/q82mzMG4ISHMIRnIALdWjCFbSgDQQyuIcHeLTurCfr2XqZjy5ZnzsVWID1+gFn8Z1R</latexit><latexit sha1_base64="/+kPAMWODStTEx/ScQdGpzDOJVc=">AAACEHicdVDLSsNAFL3xWesrWnduBovgQkoiQuuu4MZlBfuAJpTJdNIOnUzCzEQIIT/hD7jVP3Anbv0Df8DvcNoqWB8HBg7n3Ms9c4KEM6Ud581aWl5ZXVsvbZQ3t7Z3du29/Y6KU0lom8Q8lr0AK8qZoG3NNKe9RFIcBZx2g8nl1O/eUqlYLG50llA/wiPBQkawNtLArnhyHCPvFHkR1mOCed4uBnbVqV3UHQP0m7g1Z4Zq8wBmaA3sd28YkzSiQhOOleq7TqL9HEvNCKdF2UsVTTCZ4BHtGypwRJWfz8IX6NgoQxTG0jyh0Uz9vpHjSKksCszkNKL66U3Fv7x+qsOGnzORpJoKMj8UphzpGE2bQEMmKdE8MwQTyUxWRMZYYqJNXwtXQpqJKCnKppiv36P/Sees5jo19/q82mzMG4ISHMIRnIALdWjCFbSgDQQyuIcHeLTurCfr2XqZjy5ZnzsVWID1+gFn8Z1R</latexit><latexit sha1_base64="EAx7R1hU5g++BjQNL9GmohFPTek=">AAACEHicdVDLSsNAFJ34rPUV7dLNYBFcSEhEaN0V3LisYNpCE8pkOmmHzkzCzEQIIT/hD7jVP3Anbv0Df8DvcPoQrI8DA4dz7uWeOVHKqNKu+26trK6tb2xWtqrbO7t7+/bBYUclmcTExwlLZC9CijAqiK+pZqSXSoJ4xEg3mlxN/e4dkYom4lbnKQk5GgkaU4y0kQZ2LZDjBAZnMOBIjzFihV8O7LrrXDZcA/ibeI47Qx0s0B7YH8EwwRknQmOGlOp7bqrDAklNMSNlNcgUSRGeoBHpGyoQJyosZuFLeGKUIYwTaZ7QcKZ+3ygQVyrnkZmcRlQ/van4l9fPdNwMCyrSTBOB54fijEGdwGkTcEglwZrlhiAsqckK8RhJhLXpa+lKTHLB07Jqivn6PfyfdM4dz3W8m4t6q7moqAKOwDE4BR5ogBa4Bm3gAwxy8AAewZN1bz1bL9brfHTFWuzUwBKst0/vNpz9</latexit>

Ω

<latexit sha1_base64="tyXTA8t8OUB25gk2Zc5rUSHEt6k=">AAACAXicdVDLSgNBEOz1bXzFx83LYBA8hd0kkngLePFmBBOFJMjspDcZMzO7zMwKIeTkD3jVP/AmXv0Sf8DvcJIoGNGChqKqm+6uMBHcWN9/9+bmFxaXlldWM2vrG5tb2e2dholTzbDOYhHr65AaFFxh3XIr8DrRSGUo8Crsn479qzvUhsfq0g4SbEvaVTzijFonNVrnErv0Jpvz8+WTcrFSIFMSnDhS8Qul4yIJ8v4EueoeTFC7yX60OjFLJSrLBDWmGfiJbQ+ptpwJHGVaqcGEsj7tYtNRRSWa9nBy7YgcOqVDoli7UpZM1J8TQyqNGcjQdUpqe+a3Nxb/8pqpjSrtIVdJalGx6aIoFcTGZPw66XCNzIqBI5Rp7m4lrEc1ZdYFNLMlwoGSySjjgvn+nvxPGoV84OeDi1KuejRNCFZgHw7gCAIoQxXOoAZ1YHALD/AIT9699+y9eK/T1jnva2YXZuC9fQKmmZgR</latexit><latexit sha1_base64="tyXTA8t8OUB25gk2Zc5rUSHEt6k=">AAACAXicdVDLSgNBEOz1bXzFx83LYBA8hd0kkngLePFmBBOFJMjspDcZMzO7zMwKIeTkD3jVP/AmXv0Sf8DvcJIoGNGChqKqm+6uMBHcWN9/9+bmFxaXlldWM2vrG5tb2e2dholTzbDOYhHr65AaFFxh3XIr8DrRSGUo8Crsn479qzvUhsfq0g4SbEvaVTzijFonNVrnErv0Jpvz8+WTcrFSIFMSnDhS8Qul4yIJ8v4EueoeTFC7yX60OjFLJSrLBDWmGfiJbQ+ptpwJHGVaqcGEsj7tYtNRRSWa9nBy7YgcOqVDoli7UpZM1J8TQyqNGcjQdUpqe+a3Nxb/8pqpjSrtIVdJalGx6aIoFcTGZPw66XCNzIqBI5Rp7m4lrEc1ZdYFNLMlwoGSySjjgvn+nvxPGoV84OeDi1KuejRNCFZgHw7gCAIoQxXOoAZ1YHALD/AIT9699+y9eK/T1jnva2YXZuC9fQKmmZgR</latexit><latexit sha1_base64="tyXTA8t8OUB25gk2Zc5rUSHEt6k=">AAACAXicdVDLSgNBEOz1bXzFx83LYBA8hd0kkngLePFmBBOFJMjspDcZMzO7zMwKIeTkD3jVP/AmXv0Sf8DvcJIoGNGChqKqm+6uMBHcWN9/9+bmFxaXlldWM2vrG5tb2e2dholTzbDOYhHr65AaFFxh3XIr8DrRSGUo8Crsn479qzvUhsfq0g4SbEvaVTzijFonNVrnErv0Jpvz8+WTcrFSIFMSnDhS8Qul4yIJ8v4EueoeTFC7yX60OjFLJSrLBDWmGfiJbQ+ptpwJHGVaqcGEsj7tYtNRRSWa9nBy7YgcOqVDoli7UpZM1J8TQyqNGcjQdUpqe+a3Nxb/8pqpjSrtIVdJalGx6aIoFcTGZPw66XCNzIqBI5Rp7m4lrEc1ZdYFNLMlwoGSySjjgvn+nvxPGoV84OeDi1KuejRNCFZgHw7gCAIoQxXOoAZ1YHALD/AIT9699+y9eK/T1jnva2YXZuC9fQKmmZgR</latexit><latexit sha1_base64="5atmEEMr/JzETmvJThg9V8AGKho=">AAACAXicdVDLTgJBEJzFF+IL9ehlIjHhRHYBA9xIvHgTE0ESIGR26IWRmdnNzKzJhnDyB7zqH3gzXv0Sf8DvcHiYiNFKOqlUdae7y48408Z1P5zU2vrG5lZ6O7Ozu7d/kD08aukwVhSaNOShavtEA2cSmoYZDu1IARE+h1t/fDHzb+9BaRbKG5NE0BNkKFnAKDFWanWvBAxJP5tzC5VapVQt4gXxapZU3WL5vIS9gjtHDi3R6Gc/u4OQxgKkoZxo3fHcyPQmRBlGOUwz3VhDROiYDKFjqSQCdG8yv3aKz6wywEGobEmD5+rPiQkRWifCt52CmJH+7c3Ev7xObIJqb8JkFBuQdLEoiDk2IZ69jgdMATU8sYRQxeytmI6IItTYgFa2BJBIEU0zNpjv7/H/pFUseG7Buy7n6vllRGl0gk5RHnmoguroEjVQE1F0hx7RE3p2HpwX59V5W7SmnOXMMVqB8/4FLe2XvQ==</latexit>

Uniform event contamination from
overlapping proton-proton collisions

Pileup Mitigation:
“Move away” from uniform event

[see review in Soyez, PR 2019]

[Komiske, Metodiev, JDT, JHEP 2020]

Voronoi Constituent Subtraction Apollonius

[Cacciari, Salam, Soyez, JHEP 2008] [Berta, Spousta, Miller, Leitner, JHEP 2014]

https://arxiv.org/abs/1801.09721
https://arxiv.org/abs/2004.04159
https://arxiv.org/abs/0802.1188
https://arxiv.org/abs/1403.3108
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Pileup

And many more!

IRC Safety is smoothness
in the space of events

Event shapes are distances
from events to manifolds.

Jets are projections to
few-particle manifolds.

Substructure resolves
emissions within the jet.

Pileup mitigation moves
away from uniform radiation.

ࣣ ൌ argminℇᇲ∈࣪ಿ EMDఉ,ோ ℇ, ℇ′ࣩሺℇሻ ൌ minℇᇲ∈ࣧ EMDఉ,ோሺℇ, ℇ′ሻ ℇ஼ ൌ argminℇᇲ EMD ℇ, ℇ′ ൅ 𝜌𝒰 .߬ሺࣣሻ ൌ minℇᇲ∈࣪ಿ EMDఉ ࣣ, ℇ′ .
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[timeline from Eric Metodiev]

Six Decades of Collider Physics
Translated into a New Geometric Language!



39Jesse Thaler (MIT) — The Hidden Geometry of Particle Collisions

Pause

EMD(E , E 0)

<latexit sha1_base64="z55n668HemUN3nYolBTR9GOfYLg="></latexit><latexit sha1_base64="z55n668HemUN3nYolBTR9GOfYLg="></latexit><latexit sha1_base64="z55n668HemUN3nYolBTR9GOfYLg="></latexit><latexit sha1_base64="t95ikZwjCZIdRYKyRaxLrx8TTdY="></latexit>

E
0

<latexit sha1_base64="0o64kQWULZqPqWN7iJFUCGwJWeI=">AAACB3icdVDLSgMxFL1TX7W+6mPnJlhEV2VGhNZdQQSXFWwttEPJpJk2NJMJSUYYhn6AP+BW/8CduPUz/AG/w3SqYH0cCBzOuZd7cgLJmTau++YUFhaXlleKq6W19Y3NrfL2TlvHiSK0RWIeq06ANeVM0JZhhtOOVBRHAac3wfh86t/cUqVZLK5NKqkf4aFgISPYWKnXi7AZEcyzi8lRv1xxq2c11wL9Jl7VzVFp7EGOZr/83hvEJImoMIRjrbueK42fYWUY4XRS6iWaSkzGeEi7lgocUe1neeYJOrTKAIWxsk8YlKvfNzIcaZ1GgZ2cZtQ/van4l9dNTFj3MyZkYqggs0NhwpGJ0bQANGCKEsNTSzBRzGZFZIQVJsbWNHclpKmI5KRki/n6PfqftE+qnlv1rk4rjfqsISjCPhzAMXhQgwZcQhNaQEDCPTzAo3PnPDnPzststOB87uzCHJzXDw/pmoQ=</latexit><latexit sha1_base64="0o64kQWULZqPqWN7iJFUCGwJWeI=">AAACB3icdVDLSgMxFL1TX7W+6mPnJlhEV2VGhNZdQQSXFWwttEPJpJk2NJMJSUYYhn6AP+BW/8CduPUz/AG/w3SqYH0cCBzOuZd7cgLJmTau++YUFhaXlleKq6W19Y3NrfL2TlvHiSK0RWIeq06ANeVM0JZhhtOOVBRHAac3wfh86t/cUqVZLK5NKqkf4aFgISPYWKnXi7AZEcyzi8lRv1xxq2c11wL9Jl7VzVFp7EGOZr/83hvEJImoMIRjrbueK42fYWUY4XRS6iWaSkzGeEi7lgocUe1neeYJOrTKAIWxsk8YlKvfNzIcaZ1GgZ2cZtQ/van4l9dNTFj3MyZkYqggs0NhwpGJ0bQANGCKEsNTSzBRzGZFZIQVJsbWNHclpKmI5KRki/n6PfqftE+qnlv1rk4rjfqsISjCPhzAMXhQgwZcQhNaQEDCPTzAo3PnPDnPzststOB87uzCHJzXDw/pmoQ=</latexit><latexit sha1_base64="0o64kQWULZqPqWN7iJFUCGwJWeI=">AAACB3icdVDLSgMxFL1TX7W+6mPnJlhEV2VGhNZdQQSXFWwttEPJpJk2NJMJSUYYhn6AP+BW/8CduPUz/AG/w3SqYH0cCBzOuZd7cgLJmTau++YUFhaXlleKq6W19Y3NrfL2TlvHiSK0RWIeq06ANeVM0JZhhtOOVBRHAac3wfh86t/cUqVZLK5NKqkf4aFgISPYWKnXi7AZEcyzi8lRv1xxq2c11wL9Jl7VzVFp7EGOZr/83hvEJImoMIRjrbueK42fYWUY4XRS6iWaSkzGeEi7lgocUe1neeYJOrTKAIWxsk8YlKvfNzIcaZ1GgZ2cZtQ/van4l9dNTFj3MyZkYqggs0NhwpGJ0bQANGCKEsNTSzBRzGZFZIQVJsbWNHclpKmI5KRki/n6PfqftE+qnlv1rk4rjfqsISjCPhzAMXhQgwZcQhNaQEDCPTzAo3PnPDnPzststOB87uzCHJzXDw/pmoQ=</latexit><latexit sha1_base64="gegd3AJG8TEzIfq9YwTW3G7srgs=">AAACB3icdVDLSgMxFM34rPVVdekmWERXw4wIrbuCCC4r2Ad0hpJJM21okglJRijDfIA/4Fb/wJ249TP8Ab/DTFvB+jgQOJxzL/fkRJJRbTzv3VlaXlldWy9tlDe3tnd2K3v7bZ2kCpMWTliiuhHShFFBWoYaRrpSEcQjRjrR+LLwO3dEaZqIWzORJORoKGhMMTJWCgKOzAgjll3lJ/1K1XMvap4F/E1815uiCuZo9isfwSDBKSfCYIa07vmeNGGGlKGYkbwcpJpIhMdoSHqWCsSJDrNp5hweW2UA40TZJwycqt83MsS1nvDIThYZ9U+vEP/yeqmJ62FGhUwNEXh2KE4ZNAksCoADqgg2bGIJworarBCPkELY2JoWrsRkIrjMy7aYr9/D/0n7zPU91785rzbq84pK4BAcgVPggxpogGvQBC2AgQQP4BE8OffOs/PivM5Gl5z5zgFYgPP2CZcumjA=</latexit>

E

<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>

What can be Geometrized?
IRC Safety, Observables,
Jet Algorithms, Pileup Mitigation

of 49
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How far down does this rabbit hole go?
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Direction Space

“Rapidity”

“A
zi

m
u
th

”

×

×

×

×

θij =

q

2n
µ
i njµ

<latexit sha1_base64="AecE54P1QJfr76iyXSkuQHrbz7k="></latexit><latexit sha1_base64="AecE54P1QJfr76iyXSkuQHrbz7k="></latexit><latexit sha1_base64="AecE54P1QJfr76iyXSkuQHrbz7k="></latexit><latexit sha1_base64="2JPZFfIuTtKXoY2byb6HSE8u/f8="></latexit>

n
µ
i =

p
µ
i

Ei

= (1, n̂)µ

<latexit sha1_base64="qnvT9K+q7I8ItbKDhWL9bTwQVOU="></latexit><latexit sha1_base64="qnvT9K+q7I8ItbKDhWL9bTwQVOU="></latexit><latexit sha1_base64="qnvT9K+q7I8ItbKDhWL9bTwQVOU="></latexit><latexit sha1_base64="uvbqJ1RkaAnjb4dbM20HwH7Vbdg="></latexit>

(for massless particles)

=  Direction

=  Angular Distance
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“Rapidity”

“A
zi

m
u
th

”

=  Weighted Direction×

Direction Space Distribution

wi = Ei
<latexit sha1_base64="f+SdTm3mRX7sSOt2uXL7f5MH1Mk="></latexit><latexit sha1_base64="f+SdTm3mRX7sSOt2uXL7f5MH1Mk="></latexit><latexit sha1_base64="f+SdTm3mRX7sSOt2uXL7f5MH1Mk="></latexit><latexit sha1_base64="CpwWMKCPr/xEdW5i6mRr2oBbSRU="></latexit>

E
<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>

n
µ
i =

p
µ
i

Ei

= (1, n̂)µ

<latexit sha1_base64="qnvT9K+q7I8ItbKDhWL9bTwQVOU="></latexit><latexit sha1_base64="qnvT9K+q7I8ItbKDhWL9bTwQVOU="></latexit><latexit sha1_base64="qnvT9K+q7I8ItbKDhWL9bTwQVOU="></latexit><latexit sha1_base64="uvbqJ1RkaAnjb4dbM20HwH7Vbdg="></latexit>

=  Angular Distance θij =

q

2n
µ
i njµ

<latexit sha1_base64="AecE54P1QJfr76iyXSkuQHrbz7k="></latexit><latexit sha1_base64="AecE54P1QJfr76iyXSkuQHrbz7k="></latexit><latexit sha1_base64="AecE54P1QJfr76iyXSkuQHrbz7k="></latexit><latexit sha1_base64="2JPZFfIuTtKXoY2byb6HSE8u/f8="></latexit>

(for massless particles)

= Event



43Jesse Thaler (MIT) — The Hidden Geometry of Particle Collisions

Event Space

E
<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>

E
0

<latexit sha1_base64="0o64kQWULZqPqWN7iJFUCGwJWeI=">AAACB3icdVDLSgMxFL1TX7W+6mPnJlhEV2VGhNZdQQSXFWwttEPJpJk2NJMJSUYYhn6AP+BW/8CduPUz/AG/w3SqYH0cCBzOuZd7cgLJmTau++YUFhaXlleKq6W19Y3NrfL2TlvHiSK0RWIeq06ANeVM0JZhhtOOVBRHAac3wfh86t/cUqVZLK5NKqkf4aFgISPYWKnXi7AZEcyzi8lRv1xxq2c11wL9Jl7VzVFp7EGOZr/83hvEJImoMIRjrbueK42fYWUY4XRS6iWaSkzGeEi7lgocUe1neeYJOrTKAIWxsk8YlKvfNzIcaZ1GgZ2cZtQ/van4l9dNTFj3MyZkYqggs0NhwpGJ0bQANGCKEsNTSzBRzGZFZIQVJsbWNHclpKmI5KRki/n6PfqftE+qnlv1rk4rjfqsISjCPhzAMXhQgwZcQhNaQEDCPTzAo3PnPDnPzststOB87uzCHJzXDw/pmoQ=</latexit><latexit sha1_base64="0o64kQWULZqPqWN7iJFUCGwJWeI=">AAACB3icdVDLSgMxFL1TX7W+6mPnJlhEV2VGhNZdQQSXFWwttEPJpJk2NJMJSUYYhn6AP+BW/8CduPUz/AG/w3SqYH0cCBzOuZd7cgLJmTau++YUFhaXlleKq6W19Y3NrfL2TlvHiSK0RWIeq06ANeVM0JZhhtOOVBRHAac3wfh86t/cUqVZLK5NKqkf4aFgISPYWKnXi7AZEcyzi8lRv1xxq2c11wL9Jl7VzVFp7EGOZr/83hvEJImoMIRjrbueK42fYWUY4XRS6iWaSkzGeEi7lgocUe1neeYJOrTKAIWxsk8YlKvfNzIcaZ1GgZ2cZtQ/van4l9dNTFj3MyZkYqggs0NhwpGJ0bQANGCKEsNTSzBRzGZFZIQVJsbWNHclpKmI5KRki/n6PfqftE+qnlv1rk4rjfqsISjCPhzAMXhQgwZcQhNaQEDCPTzAo3PnPDnPzststOB87uzCHJzXDw/pmoQ=</latexit><latexit sha1_base64="0o64kQWULZqPqWN7iJFUCGwJWeI=">AAACB3icdVDLSgMxFL1TX7W+6mPnJlhEV2VGhNZdQQSXFWwttEPJpJk2NJMJSUYYhn6AP+BW/8CduPUz/AG/w3SqYH0cCBzOuZd7cgLJmTau++YUFhaXlleKq6W19Y3NrfL2TlvHiSK0RWIeq06ANeVM0JZhhtOOVBRHAac3wfh86t/cUqVZLK5NKqkf4aFgISPYWKnXi7AZEcyzi8lRv1xxq2c11wL9Jl7VzVFp7EGOZr/83hvEJImoMIRjrbueK42fYWUY4XRS6iWaSkzGeEi7lgocUe1neeYJOrTKAIWxsk8YlKvfNzIcaZ1GgZ2cZtQ/van4l9dNTFj3MyZkYqggs0NhwpGJ0bQANGCKEsNTSzBRzGZFZIQVJsbWNHclpKmI5KRki/n6PfqftE+qnlv1rk4rjfqsISjCPhzAMXhQgwZcQhNaQEDCPTzAo3PnPDnPzststOB87uzCHJzXDw/pmoQ=</latexit><latexit sha1_base64="gegd3AJG8TEzIfq9YwTW3G7srgs=">AAACB3icdVDLSgMxFM34rPVVdekmWERXw4wIrbuCCC4r2Ad0hpJJM21okglJRijDfIA/4Fb/wJ249TP8Ab/DTFvB+jgQOJxzL/fkRJJRbTzv3VlaXlldWy9tlDe3tnd2K3v7bZ2kCpMWTliiuhHShFFBWoYaRrpSEcQjRjrR+LLwO3dEaZqIWzORJORoKGhMMTJWCgKOzAgjll3lJ/1K1XMvap4F/E1815uiCuZo9isfwSDBKSfCYIa07vmeNGGGlKGYkbwcpJpIhMdoSHqWCsSJDrNp5hweW2UA40TZJwycqt83MsS1nvDIThYZ9U+vEP/yeqmJ62FGhUwNEXh2KE4ZNAksCoADqgg2bGIJworarBCPkELY2JoWrsRkIrjMy7aYr9/D/0n7zPU91785rzbq84pK4BAcgVPggxpogGvQBC2AgQQP4BE8OffOs/PivM5Gl5z5zgFYgPP2CZcumjA=</latexit>

E(n̂) =
X

i

Ei δ(n̂− n̂i)

<latexit sha1_base64="JKRqqrUYJT2llhd3PPj8KBuC75Q="></latexit><latexit sha1_base64="JKRqqrUYJT2llhd3PPj8KBuC75Q="></latexit><latexit sha1_base64="JKRqqrUYJT2llhd3PPj8KBuC75Q="></latexit><latexit sha1_base64="+jkUzWVJEZ317+LV8bD9y6kkhjI="></latexit>

=  Event

(for equal total energy)

EMD(E , E 0) = min
{f}

X

i

X

j

fijθij

<latexit sha1_base64="07Zo/vbjlf1NXFBxY2NIbEgW+5Q="></latexit><latexit sha1_base64="07Zo/vbjlf1NXFBxY2NIbEgW+5Q="></latexit><latexit sha1_base64="07Zo/vbjlf1NXFBxY2NIbEgW+5Q="></latexit><latexit sha1_base64="4miLyAx6p6t5RquYQ9AkM/HLRVc=">AAAB7XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5k4bmmSGJCMMY1/ArW/gTnwiX8DnMP1ZWOuBwOGchHvzxbngxgbBl1fb2d3bP6gf+kcN//jktNnomazQDLssE5kexNSg4Aq7lluBg1wjlbHAfjy7X/T9Z9SGZ+rJljlGkk4UTzmj1kWdcbMVtIOlyLYJ16YFa42b36MkY4VEZZmgxgzDILdRRbXlTODcHxUGc8pmdIJDZxWVaKJqueacXLokIWmm3VGWLNPfLyoqjSll7G5Kaqfmb7cI/+uGhU1vo4qrvLCo2GpQWghiM7L4M0m4RmZF6QxlmrtdCZtSTZl1ZDampFgqmc99xyX8S2Hb9K7bYdAOHwOowzlcwBWEcAN38AAd6AKDBF7hzXvx3r2PFb+atwZ5BhvyPn8A3biSog==</latexit><latexit sha1_base64="Q24cAVA2jmwxKlqwBHZ2jPqh+Fk="></latexit><latexit sha1_base64="Q24cAVA2jmwxKlqwBHZ2jPqh+Fk="></latexit><latexit sha1_base64="ZHuEjt13/lufz/zrF5quOpwVJkU="></latexit><latexit sha1_base64="JdnYHg2XXPhfNUr3leomHo+l/Do="></latexit><latexit sha1_base64="07Zo/vbjlf1NXFBxY2NIbEgW+5Q="></latexit><latexit sha1_base64="07Zo/vbjlf1NXFBxY2NIbEgW+5Q="></latexit><latexit sha1_base64="07Zo/vbjlf1NXFBxY2NIbEgW+5Q="></latexit><latexit sha1_base64="07Zo/vbjlf1NXFBxY2NIbEgW+5Q="></latexit><latexit sha1_base64="JdnYHg2XXPhfNUr3leomHo+l/Do="></latexit>

=  EMD
Energy
Mover’s Distance

[Komiske, Metodiev, JDT, PRL 2019]

https://arxiv.org/abs/1902.02346
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Event Space Distribution

= TheoryT
<latexit sha1_base64="TC6ykknsu4FqYuOyx+QwJGdOM9s=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOyQl/QljKZTtqhk0mYmQghZO8PuNU/cCdu/Q1/wO9wkipYHwcuHM65l3vv8SLOlHacN6u0srq2vlHerGxt7+zuVfcPuiqMJaEdEvJQ9j2sKGeCdjTTnPYjSXHgcdrz5le537ulUrFQtHUS0VGAp4L5jGBtpMEwwHpGME/b2bhac+zLumOAfhPXdgrUmkdQoDWuvg8nIYkDKjThWKmB60R6lGKpGeE0qwxjRSNM5nhKB4YKHFA1SouTM3RqlAnyQ2lKaFSo3ydSHCiVBJ7pzE9UP71c/MsbxNpvjFImolhTQRaL/JgjHaL8fzRhkhLNE0MwkczcisgMS0y0SWlpi08TEURZxQTz9T36n3TPbdex3ZuLWrOxSAjKcAwncAYu1KEJ19CCDhAI4R4e4NG6s56sZ+tl0VqyPmcOYQnW6wfAKppi</latexit><latexit sha1_base64="TC6ykknsu4FqYuOyx+QwJGdOM9s=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOyQl/QljKZTtqhk0mYmQghZO8PuNU/cCdu/Q1/wO9wkipYHwcuHM65l3vv8SLOlHacN6u0srq2vlHerGxt7+zuVfcPuiqMJaEdEvJQ9j2sKGeCdjTTnPYjSXHgcdrz5le537ulUrFQtHUS0VGAp4L5jGBtpMEwwHpGME/b2bhac+zLumOAfhPXdgrUmkdQoDWuvg8nIYkDKjThWKmB60R6lGKpGeE0qwxjRSNM5nhKB4YKHFA1SouTM3RqlAnyQ2lKaFSo3ydSHCiVBJ7pzE9UP71c/MsbxNpvjFImolhTQRaL/JgjHaL8fzRhkhLNE0MwkczcisgMS0y0SWlpi08TEURZxQTz9T36n3TPbdex3ZuLWrOxSAjKcAwncAYu1KEJ19CCDhAI4R4e4NG6s56sZ+tl0VqyPmcOYQnW6wfAKppi</latexit><latexit sha1_base64="TC6ykknsu4FqYuOyx+QwJGdOM9s=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOyQl/QljKZTtqhk0mYmQghZO8PuNU/cCdu/Q1/wO9wkipYHwcuHM65l3vv8SLOlHacN6u0srq2vlHerGxt7+zuVfcPuiqMJaEdEvJQ9j2sKGeCdjTTnPYjSXHgcdrz5le537ulUrFQtHUS0VGAp4L5jGBtpMEwwHpGME/b2bhac+zLumOAfhPXdgrUmkdQoDWuvg8nIYkDKjThWKmB60R6lGKpGeE0qwxjRSNM5nhKB4YKHFA1SouTM3RqlAnyQ2lKaFSo3ydSHCiVBJ7pzE9UP71c/MsbxNpvjFImolhTQRaL/JgjHaL8fzRhkhLNE0MwkczcisgMS0y0SWlpi08TEURZxQTz9T36n3TPbdex3ZuLWrOxSAjKcAwncAYu1KEJ19CCDhAI4R4e4NG6s56sZ+tl0VqyPmcOYQnW6wfAKppi</latexit><latexit sha1_base64="TP+ZmacjDH4KIsz3ZEk5uOVu2c4=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwFRIRWncFNy4r9AVpKZPppB06jzAzEULI3h9wq3/gTtz6G/6A3+GkrWB9HLhwOOde7r0njBnVxvPendLa+sbmVnm7srO7t39QPTzqapkoTDpYMqn6IdKEUUE6hhpG+rEiiIeM9MLZdeH37ojSVIq2SWMy5GgiaEQxMlYKBhyZKUYsa+ejas1zr+qeBfxNfNebowaWaI2qH4OxxAknwmCGtA58LzbDDClDMSN5ZZBoEiM8QxMSWCoQJ3qYzU/O4ZlVxjCSypYwcK5+n8gQ1zrloe0sTtQ/vUL8ywsSEzWGGRVxYojAi0VRwqCRsPgfjqki2LDUEoQVtbdCPEUKYWNTWtkSkVTwOK/YYL6+h/+T7oXre65/e1lrNpYRlcEJOAXnwAd10AQ3oAU6AAMJHsAjeHLunWfnxXldtJac5cwxWIHz9glHfpoO</latexit>

E(n̂) =
X

i

Ei δ(n̂− n̂i)

<latexit sha1_base64="JKRqqrUYJT2llhd3PPj8KBuC75Q="></latexit><latexit sha1_base64="JKRqqrUYJT2llhd3PPj8KBuC75Q="></latexit><latexit sha1_base64="JKRqqrUYJT2llhd3PPj8KBuC75Q="></latexit><latexit sha1_base64="+jkUzWVJEZ317+LV8bD9y6kkhjI="></latexit>

(for equal total energy)

EMD(E , E 0) = min
{f}

X

i

X

j

fijθij

<latexit sha1_base64="07Zo/vbjlf1NXFBxY2NIbEgW+5Q="></latexit><latexit sha1_base64="07Zo/vbjlf1NXFBxY2NIbEgW+5Q="></latexit><latexit sha1_base64="07Zo/vbjlf1NXFBxY2NIbEgW+5Q="></latexit><latexit sha1_base64="4miLyAx6p6t5RquYQ9AkM/HLRVc=">AAAB7XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5k4bmmSGJCMMY1/ArW/gTnwiX8DnMP1ZWOuBwOGchHvzxbngxgbBl1fb2d3bP6gf+kcN//jktNnomazQDLssE5kexNSg4Aq7lluBg1wjlbHAfjy7X/T9Z9SGZ+rJljlGkk4UTzmj1kWdcbMVtIOlyLYJ16YFa42b36MkY4VEZZmgxgzDILdRRbXlTODcHxUGc8pmdIJDZxWVaKJqueacXLokIWmm3VGWLNPfLyoqjSll7G5Kaqfmb7cI/+uGhU1vo4qrvLCo2GpQWghiM7L4M0m4RmZF6QxlmrtdCZtSTZl1ZDampFgqmc99xyX8S2Hb9K7bYdAOHwOowzlcwBWEcAN38AAd6AKDBF7hzXvx3r2PFb+atwZ5BhvyPn8A3biSog==</latexit><latexit sha1_base64="Q24cAVA2jmwxKlqwBHZ2jPqh+Fk="></latexit><latexit sha1_base64="Q24cAVA2jmwxKlqwBHZ2jPqh+Fk="></latexit><latexit sha1_base64="ZHuEjt13/lufz/zrF5quOpwVJkU="></latexit><latexit sha1_base64="JdnYHg2XXPhfNUr3leomHo+l/Do="></latexit><latexit sha1_base64="07Zo/vbjlf1NXFBxY2NIbEgW+5Q="></latexit><latexit sha1_base64="07Zo/vbjlf1NXFBxY2NIbEgW+5Q="></latexit><latexit sha1_base64="07Zo/vbjlf1NXFBxY2NIbEgW+5Q="></latexit><latexit sha1_base64="07Zo/vbjlf1NXFBxY2NIbEgW+5Q="></latexit><latexit sha1_base64="JdnYHg2XXPhfNUr3leomHo+l/Do="></latexit>

=  Weighted Event

=  EMD

wa = σa
<latexit sha1_base64="U1MhLPiVf3462DILGcMXWpZu1+g=">AAACCXicdVBLSgNBEK3xb/zFz85NYxBchZlM1LgQAm5cKhgVkhhqOj2xSXfP0N2jhJATeAG3egN34tZTeAHPYSdRUNEHBY/3qqiqF6WCG+v7b97E5NT0zOzcfG5hcWl5Jb+6dm6STFNWo4lI9GWEhgmuWM1yK9hlqhnKSLCLqHs09C9umDY8UWe2l7KmxI7iMadonXR120JySBqGdyS2sJUv+MW9MKzsHxC/GAa7YTgkQblcKpVIUPRHKFQ3YISTVv690U5oJpmyVKAx9cBPbbOP2nIq2CDXyAxLkXaxw+qOKpTMNPujqwdk2yltEifalbJkpH6f6KM0picj1ynRXpvf3lD8y6tnNq40+1ylmWWKjhfFmSA2IcMISJtrRq3oOYJUc3crodeokVoX1I8tMespmQ5yLpiv78n/5LxUDFxap+VCtTJOCOZgE7ZgBwLYhyocwwnUgIKGe3iAR+/Oe/KevZdx64T3ObMOP+C9fgD4eZr6</latexit><latexit sha1_base64="U1MhLPiVf3462DILGcMXWpZu1+g=">AAACCXicdVBLSgNBEK3xb/zFz85NYxBchZlM1LgQAm5cKhgVkhhqOj2xSXfP0N2jhJATeAG3egN34tZTeAHPYSdRUNEHBY/3qqiqF6WCG+v7b97E5NT0zOzcfG5hcWl5Jb+6dm6STFNWo4lI9GWEhgmuWM1yK9hlqhnKSLCLqHs09C9umDY8UWe2l7KmxI7iMadonXR120JySBqGdyS2sJUv+MW9MKzsHxC/GAa7YTgkQblcKpVIUPRHKFQ3YISTVv690U5oJpmyVKAx9cBPbbOP2nIq2CDXyAxLkXaxw+qOKpTMNPujqwdk2yltEifalbJkpH6f6KM0picj1ynRXpvf3lD8y6tnNq40+1ylmWWKjhfFmSA2IcMISJtrRq3oOYJUc3crodeokVoX1I8tMespmQ5yLpiv78n/5LxUDFxap+VCtTJOCOZgE7ZgBwLYhyocwwnUgIKGe3iAR+/Oe/KevZdx64T3ObMOP+C9fgD4eZr6</latexit><latexit sha1_base64="U1MhLPiVf3462DILGcMXWpZu1+g=">AAACCXicdVBLSgNBEK3xb/zFz85NYxBchZlM1LgQAm5cKhgVkhhqOj2xSXfP0N2jhJATeAG3egN34tZTeAHPYSdRUNEHBY/3qqiqF6WCG+v7b97E5NT0zOzcfG5hcWl5Jb+6dm6STFNWo4lI9GWEhgmuWM1yK9hlqhnKSLCLqHs09C9umDY8UWe2l7KmxI7iMadonXR120JySBqGdyS2sJUv+MW9MKzsHxC/GAa7YTgkQblcKpVIUPRHKFQ3YISTVv690U5oJpmyVKAx9cBPbbOP2nIq2CDXyAxLkXaxw+qOKpTMNPujqwdk2yltEifalbJkpH6f6KM0picj1ynRXpvf3lD8y6tnNq40+1ylmWWKjhfFmSA2IcMISJtrRq3oOYJUc3crodeokVoX1I8tMespmQ5yLpiv78n/5LxUDFxap+VCtTJOCOZgE7ZgBwLYhyocwwnUgIKGe3iAR+/Oe/KevZdx64T3ObMOP+C9fgD4eZr6</latexit><latexit sha1_base64="eL7GZU9kxo7PrzUlxjxGOS54pJo=">AAACCXicdVBLSgNBEO3xG+Mv6tJNYxBchZlMNHEhBNy4jGA+kMRQ0+lJmnT3DN09Sgg5gRdwqzdwJ249hRfwHHY+ghF9UPB4r4qqekHMmTau++EsLa+srq2nNtKbW9s7u5m9/ZqOEkVolUQ8Uo0ANOVM0qphhtNGrCiIgNN6MLic+PU7qjSL5I0ZxrQtoCdZyAgYK93edwBf4JZmPQEd6GSybu7M90vFc+zmfO/U9yfEKxTy+Tz2cu4UWTRHpZP5bHUjkggqDeGgddNzY9MegTKMcDpOtxJNYyAD6NGmpRIE1e3R9OoxPrZKF4eRsiUNnqo/J0YgtB6KwHYKMH3925uIf3nNxISl9ojJODFUktmiMOHYRHgSAe4yRYnhQ0uAKGZvxaQPCoixQS1sCelQinictsF8f4//J7V8zrNpXRey5dI8ohQ6REfoBHmoiMroClVQFRGk0CN6Qs/Og/PivDpvs9YlZz5zgBbgvH8Bf82apg==</latexit>

Energy
Mover’s Distance
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Theory Space

T
<latexit sha1_base64="TC6ykknsu4FqYuOyx+QwJGdOM9s=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOyQl/QljKZTtqhk0mYmQghZO8PuNU/cCdu/Q1/wO9wkipYHwcuHM65l3vv8SLOlHacN6u0srq2vlHerGxt7+zuVfcPuiqMJaEdEvJQ9j2sKGeCdjTTnPYjSXHgcdrz5le537ulUrFQtHUS0VGAp4L5jGBtpMEwwHpGME/b2bhac+zLumOAfhPXdgrUmkdQoDWuvg8nIYkDKjThWKmB60R6lGKpGeE0qwxjRSNM5nhKB4YKHFA1SouTM3RqlAnyQ2lKaFSo3ydSHCiVBJ7pzE9UP71c/MsbxNpvjFImolhTQRaL/JgjHaL8fzRhkhLNE0MwkczcisgMS0y0SWlpi08TEURZxQTz9T36n3TPbdex3ZuLWrOxSAjKcAwncAYu1KEJ19CCDhAI4R4e4NG6s56sZ+tl0VqyPmcOYQnW6wfAKppi</latexit><latexit sha1_base64="TC6ykknsu4FqYuOyx+QwJGdOM9s=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOyQl/QljKZTtqhk0mYmQghZO8PuNU/cCdu/Q1/wO9wkipYHwcuHM65l3vv8SLOlHacN6u0srq2vlHerGxt7+zuVfcPuiqMJaEdEvJQ9j2sKGeCdjTTnPYjSXHgcdrz5le537ulUrFQtHUS0VGAp4L5jGBtpMEwwHpGME/b2bhac+zLumOAfhPXdgrUmkdQoDWuvg8nIYkDKjThWKmB60R6lGKpGeE0qwxjRSNM5nhKB4YKHFA1SouTM3RqlAnyQ2lKaFSo3ydSHCiVBJ7pzE9UP71c/MsbxNpvjFImolhTQRaL/JgjHaL8fzRhkhLNE0MwkczcisgMS0y0SWlpi08TEURZxQTz9T36n3TPbdex3ZuLWrOxSAjKcAwncAYu1KEJ19CCDhAI4R4e4NG6s56sZ+tl0VqyPmcOYQnW6wfAKppi</latexit><latexit sha1_base64="TC6ykknsu4FqYuOyx+QwJGdOM9s=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOyQl/QljKZTtqhk0mYmQghZO8PuNU/cCdu/Q1/wO9wkipYHwcuHM65l3vv8SLOlHacN6u0srq2vlHerGxt7+zuVfcPuiqMJaEdEvJQ9j2sKGeCdjTTnPYjSXHgcdrz5le537ulUrFQtHUS0VGAp4L5jGBtpMEwwHpGME/b2bhac+zLumOAfhPXdgrUmkdQoDWuvg8nIYkDKjThWKmB60R6lGKpGeE0qwxjRSNM5nhKB4YKHFA1SouTM3RqlAnyQ2lKaFSo3ydSHCiVBJ7pzE9UP71c/MsbxNpvjFImolhTQRaL/JgjHaL8fzRhkhLNE0MwkczcisgMS0y0SWlpi08TEURZxQTz9T36n3TPbdex3ZuLWrOxSAjKcAwncAYu1KEJ19CCDhAI4R4e4NG6s56sZ+tl0VqyPmcOYQnW6wfAKppi</latexit><latexit sha1_base64="TP+ZmacjDH4KIsz3ZEk5uOVu2c4=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwFRIRWncFNy4r9AVpKZPppB06jzAzEULI3h9wq3/gTtz6G/6A3+GkrWB9HLhwOOde7r0njBnVxvPendLa+sbmVnm7srO7t39QPTzqapkoTDpYMqn6IdKEUUE6hhpG+rEiiIeM9MLZdeH37ojSVIq2SWMy5GgiaEQxMlYKBhyZKUYsa+ejas1zr+qeBfxNfNebowaWaI2qH4OxxAknwmCGtA58LzbDDClDMSN5ZZBoEiM8QxMSWCoQJ3qYzU/O4ZlVxjCSypYwcK5+n8gQ1zrloe0sTtQ/vUL8ywsSEzWGGRVxYojAi0VRwqCRsPgfjqki2LDUEoQVtbdCPEUKYWNTWtkSkVTwOK/YYL6+h/+T7oXre65/e1lrNpYRlcEJOAXnwAd10AQ3oAU6AAMJHsAjeHLunWfnxXldtJac5cwxWIHz9glHfpoO</latexit>

T
0

<latexit sha1_base64="UYzj50ehFJVZ4zFLWtoVED1TcCs=">AAACB3icdVDLSsNAFL3xWeurPnZuBovoKiQitO4KblxW6AvaUCbTSTt0MgkzEyGEfoA/4Fb/wJ249TP8Ab/DSapgfRwYOJxzL/fM8WPOlHacN2tpeWV1bb20Ud7c2t7Zreztd1SUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT69yv3tLpWKRaOk0pl6Ix4IFjGBtpMEgxHpCMM9as9NhperYlzXHAP0mru0UqDYOoUBzWHkfjCKShFRowrFSfdeJtZdhqRnhdFYeJIrGmEzxmPYNFTikysuKzDN0YpQRCiJpntCoUL9vZDhUKg19M5lnVD+9XPzL6yc6qHsZE3GiqSDzQ0HCkY5QXgAaMUmJ5qkhmEhmsiIywRITbWpauBLQVITxrGyK+fo9+p90zm3Xsd2bi2qjPm8ISnAEx3AGLtSgAdfQhDYQiOEeHuDRurOerGfrZT66ZH3uHMACrNcPJ++akw==</latexit><latexit sha1_base64="UYzj50ehFJVZ4zFLWtoVED1TcCs=">AAACB3icdVDLSsNAFL3xWeurPnZuBovoKiQitO4KblxW6AvaUCbTSTt0MgkzEyGEfoA/4Fb/wJ249TP8Ab/DSapgfRwYOJxzL/fM8WPOlHacN2tpeWV1bb20Ud7c2t7Zreztd1SUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT69yv3tLpWKRaOk0pl6Ix4IFjGBtpMEgxHpCMM9as9NhperYlzXHAP0mru0UqDYOoUBzWHkfjCKShFRowrFSfdeJtZdhqRnhdFYeJIrGmEzxmPYNFTikysuKzDN0YpQRCiJpntCoUL9vZDhUKg19M5lnVD+9XPzL6yc6qHsZE3GiqSDzQ0HCkY5QXgAaMUmJ5qkhmEhmsiIywRITbWpauBLQVITxrGyK+fo9+p90zm3Xsd2bi2qjPm8ISnAEx3AGLtSgAdfQhDYQiOEeHuDRurOerGfrZT66ZH3uHMACrNcPJ++akw==</latexit><latexit sha1_base64="UYzj50ehFJVZ4zFLWtoVED1TcCs=">AAACB3icdVDLSsNAFL3xWeurPnZuBovoKiQitO4KblxW6AvaUCbTSTt0MgkzEyGEfoA/4Fb/wJ249TP8Ab/DSapgfRwYOJxzL/fM8WPOlHacN2tpeWV1bb20Ud7c2t7Zreztd1SUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT69yv3tLpWKRaOk0pl6Ix4IFjGBtpMEgxHpCMM9as9NhperYlzXHAP0mru0UqDYOoUBzWHkfjCKShFRowrFSfdeJtZdhqRnhdFYeJIrGmEzxmPYNFTikysuKzDN0YpQRCiJpntCoUL9vZDhUKg19M5lnVD+9XPzL6yc6qHsZE3GiqSDzQ0HCkY5QXgAaMUmJ5qkhmEhmsiIywRITbWpauBLQVITxrGyK+fo9+p90zm3Xsd2bi2qjPm8ISnAEx3AGLtSgAdfQhDYQiOEeHuDRurOerGfrZT66ZH3uHMACrNcPJ++akw==</latexit><latexit sha1_base64="eE4yOUN4thEvzVLQ7QphRH0EVIo=">AAACB3icdVDLSgMxFM34rPVVdekmWERXw4wIrbuCG5cV+oLOUDJppg1NMiHJCMPQD/AH3OofuBO3foY/4HeYaStYHwcCh3Pu5Z6cSDKqjee9Oyura+sbm6Wt8vbO7t5+5eCwo5NUYdLGCUtUL0KaMCpI21DDSE8qgnjESDeaXBd+944oTRPRMpkkIUcjQWOKkbFSEHBkxhixvDU9G1SqnntV8yzgb+K73gxVsEBzUPkIhglOOREGM6R13/ekCXOkDMWMTMtBqolEeIJGpG+pQJzoMJ9lnsJTqwxhnCj7hIEz9ftGjrjWGY/sZJFR//QK8S+vn5q4HuZUyNQQgeeH4pRBk8CiADikimDDMksQVtRmhXiMFMLG1rR0JSaZ4HJatsV8/R7+TzoXru+5/u1ltVFfVFQCx+AEnAMf1EAD3IAmaAMMJHgAj+DJuXeenRfndT664ix2jsASnLdPrzSaPw==</latexit>

=  Theory T (E) =
X

a

σa δ(E − Ea)

<latexit sha1_base64="DRx6mqtqlvNXqHf1hSijIe9NsB8="></latexit><latexit sha1_base64="DRx6mqtqlvNXqHf1hSijIe9NsB8="></latexit><latexit sha1_base64="DRx6mqtqlvNXqHf1hSijIe9NsB8="></latexit><latexit sha1_base64="+Niy/b+Vt3i6xVW6ehehHkWQfvY="></latexit>

(for equal total xsec)

=  ΣMD ΣMD(T , T
0) = min

{F}

X

a

X

b

FabEMD(Ea, E
0

b
)

<latexit sha1_base64="gXnnYFtnIXW60IumfPC2f5Z9Pgw="></latexit><latexit sha1_base64="gXnnYFtnIXW60IumfPC2f5Z9Pgw="></latexit><latexit sha1_base64="gXnnYFtnIXW60IumfPC2f5Z9Pgw="></latexit><latexit sha1_base64="bRelqVikjaoTqzbpYl2pYyM/g9E="></latexit>Cross-Section
Mover’s Distance

[Komiske, Metodiev, JDT, JHEP 2020]

A distance between theories!
(e.g. EMD : N-jettiness :: ΣMD : k-eventiness)

https://arxiv.org/abs/2004.04159
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Pb
Pb

jet

QGP

quenched jet
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⇔
ΣMD

Optimal transportation plan defines mapping
between in-medium jets and vacuum jets!

T
<latexit sha1_base64="TC6ykknsu4FqYuOyx+QwJGdOM9s=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOyQl/QljKZTtqhk0mYmQghZO8PuNU/cCdu/Q1/wO9wkipYHwcuHM65l3vv8SLOlHacN6u0srq2vlHerGxt7+zuVfcPuiqMJaEdEvJQ9j2sKGeCdjTTnPYjSXHgcdrz5le537ulUrFQtHUS0VGAp4L5jGBtpMEwwHpGME/b2bhac+zLumOAfhPXdgrUmkdQoDWuvg8nIYkDKjThWKmB60R6lGKpGeE0qwxjRSNM5nhKB4YKHFA1SouTM3RqlAnyQ2lKaFSo3ydSHCiVBJ7pzE9UP71c/MsbxNpvjFImolhTQRaL/JgjHaL8fzRhkhLNE0MwkczcisgMS0y0SWlpi08TEURZxQTz9T36n3TPbdex3ZuLWrOxSAjKcAwncAYu1KEJ19CCDhAI4R4e4NG6s56sZ+tl0VqyPmcOYQnW6wfAKppi</latexit><latexit sha1_base64="TC6ykknsu4FqYuOyx+QwJGdOM9s=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOyQl/QljKZTtqhk0mYmQghZO8PuNU/cCdu/Q1/wO9wkipYHwcuHM65l3vv8SLOlHacN6u0srq2vlHerGxt7+zuVfcPuiqMJaEdEvJQ9j2sKGeCdjTTnPYjSXHgcdrz5le537ulUrFQtHUS0VGAp4L5jGBtpMEwwHpGME/b2bhac+zLumOAfhPXdgrUmkdQoDWuvg8nIYkDKjThWKmB60R6lGKpGeE0qwxjRSNM5nhKB4YKHFA1SouTM3RqlAnyQ2lKaFSo3ydSHCiVBJ7pzE9UP71c/MsbxNpvjFImolhTQRaL/JgjHaL8fzRhkhLNE0MwkczcisgMS0y0SWlpi08TEURZxQTz9T36n3TPbdex3ZuLWrOxSAjKcAwncAYu1KEJ19CCDhAI4R4e4NG6s56sZ+tl0VqyPmcOYQnW6wfAKppi</latexit><latexit sha1_base64="TC6ykknsu4FqYuOyx+QwJGdOM9s=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOyQl/QljKZTtqhk0mYmQghZO8PuNU/cCdu/Q1/wO9wkipYHwcuHM65l3vv8SLOlHacN6u0srq2vlHerGxt7+zuVfcPuiqMJaEdEvJQ9j2sKGeCdjTTnPYjSXHgcdrz5le537ulUrFQtHUS0VGAp4L5jGBtpMEwwHpGME/b2bhac+zLumOAfhPXdgrUmkdQoDWuvg8nIYkDKjThWKmB60R6lGKpGeE0qwxjRSNM5nhKB4YKHFA1SouTM3RqlAnyQ2lKaFSo3ydSHCiVBJ7pzE9UP71c/MsbxNpvjFImolhTQRaL/JgjHaL8fzRhkhLNE0MwkczcisgMS0y0SWlpi08TEURZxQTz9T36n3TPbdex3ZuLWrOxSAjKcAwncAYu1KEJ19CCDhAI4R4e4NG6s56sZ+tl0VqyPmcOYQnW6wfAKppi</latexit><latexit sha1_base64="TP+ZmacjDH4KIsz3ZEk5uOVu2c4=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwFRIRWncFNy4r9AVpKZPppB06jzAzEULI3h9wq3/gTtz6G/6A3+GkrWB9HLhwOOde7r0njBnVxvPendLa+sbmVnm7srO7t39QPTzqapkoTDpYMqn6IdKEUUE6hhpG+rEiiIeM9MLZdeH37ojSVIq2SWMy5GgiaEQxMlYKBhyZKUYsa+ejas1zr+qeBfxNfNebowaWaI2qH4OxxAknwmCGtA58LzbDDClDMSN5ZZBoEiM8QxMSWCoQJ3qYzU/O4ZlVxjCSypYwcK5+n8gQ1zrloe0sTtQ/vUL8ywsSEzWGGRVxYojAi0VRwqCRsPgfjqki2LDUEoQVtbdCPEUKYWNTWtkSkVTwOK/YYL6+h/+T7oXre65/e1lrNpYRlcEJOAXnwAd10AQ3oAU6AAMJHsAjeHLunWfnxXldtJac5cwxWIHz9glHfpoO</latexit>

Theory: 
Vacuum QCD

T
0

<latexit sha1_base64="UYzj50ehFJVZ4zFLWtoVED1TcCs=">AAACB3icdVDLSsNAFL3xWeurPnZuBovoKiQitO4KblxW6AvaUCbTSTt0MgkzEyGEfoA/4Fb/wJ249TP8Ab/DSapgfRwYOJxzL/fM8WPOlHacN2tpeWV1bb20Ud7c2t7Zreztd1SUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT69yv3tLpWKRaOk0pl6Ix4IFjGBtpMEgxHpCMM9as9NhperYlzXHAP0mru0UqDYOoUBzWHkfjCKShFRowrFSfdeJtZdhqRnhdFYeJIrGmEzxmPYNFTikysuKzDN0YpQRCiJpntCoUL9vZDhUKg19M5lnVD+9XPzL6yc6qHsZE3GiqSDzQ0HCkY5QXgAaMUmJ5qkhmEhmsiIywRITbWpauBLQVITxrGyK+fo9+p90zm3Xsd2bi2qjPm8ISnAEx3AGLtSgAdfQhDYQiOEeHuDRurOerGfrZT66ZH3uHMACrNcPJ++akw==</latexit><latexit sha1_base64="UYzj50ehFJVZ4zFLWtoVED1TcCs=">AAACB3icdVDLSsNAFL3xWeurPnZuBovoKiQitO4KblxW6AvaUCbTSTt0MgkzEyGEfoA/4Fb/wJ249TP8Ab/DSapgfRwYOJxzL/fM8WPOlHacN2tpeWV1bb20Ud7c2t7Zreztd1SUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT69yv3tLpWKRaOk0pl6Ix4IFjGBtpMEgxHpCMM9as9NhperYlzXHAP0mru0UqDYOoUBzWHkfjCKShFRowrFSfdeJtZdhqRnhdFYeJIrGmEzxmPYNFTikysuKzDN0YpQRCiJpntCoUL9vZDhUKg19M5lnVD+9XPzL6yc6qHsZE3GiqSDzQ0HCkY5QXgAaMUmJ5qkhmEhmsiIywRITbWpauBLQVITxrGyK+fo9+p90zm3Xsd2bi2qjPm8ISnAEx3AGLtSgAdfQhDYQiOEeHuDRurOerGfrZT66ZH3uHMACrNcPJ++akw==</latexit><latexit sha1_base64="UYzj50ehFJVZ4zFLWtoVED1TcCs=">AAACB3icdVDLSsNAFL3xWeurPnZuBovoKiQitO4KblxW6AvaUCbTSTt0MgkzEyGEfoA/4Fb/wJ249TP8Ab/DSapgfRwYOJxzL/fM8WPOlHacN2tpeWV1bb20Ud7c2t7Zreztd1SUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT69yv3tLpWKRaOk0pl6Ix4IFjGBtpMEgxHpCMM9as9NhperYlzXHAP0mru0UqDYOoUBzWHkfjCKShFRowrFSfdeJtZdhqRnhdFYeJIrGmEzxmPYNFTikysuKzDN0YpQRCiJpntCoUL9vZDhUKg19M5lnVD+9XPzL6yc6qHsZE3GiqSDzQ0HCkY5QXgAaMUmJ5qkhmEhmsiIywRITbWpauBLQVITxrGyK+fo9+p90zm3Xsd2bi2qjPm8ISnAEx3AGLtSgAdfQhDYQiOEeHuDRurOerGfrZT66ZH3uHMACrNcPJ++akw==</latexit><latexit sha1_base64="eE4yOUN4thEvzVLQ7QphRH0EVIo=">AAACB3icdVDLSgMxFM34rPVVdekmWERXw4wIrbuCG5cV+oLOUDJppg1NMiHJCMPQD/AH3OofuBO3foY/4HeYaStYHwcCh3Pu5Z6cSDKqjee9Oyura+sbm6Wt8vbO7t5+5eCwo5NUYdLGCUtUL0KaMCpI21DDSE8qgnjESDeaXBd+944oTRPRMpkkIUcjQWOKkbFSEHBkxhixvDU9G1SqnntV8yzgb+K73gxVsEBzUPkIhglOOREGM6R13/ekCXOkDMWMTMtBqolEeIJGpG+pQJzoMJ9lnsJTqwxhnCj7hIEz9ftGjrjWGY/sZJFR//QK8S+vn5q4HuZUyNQQgeeH4pRBk8CiADikimDDMksQVtRmhXiMFMLG1rR0JSaZ4HJatsV8/R7+TzoXru+5/u1ltVFfVFQCx+AEnAMf1EAD3IAmaAMMJHgAj+DJuXeenRfndT664ix2jsASnLdPrzSaPw==</latexit>

Theory Prime:
In-Medium QCD
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Jet Quenching via Quantile Matching
Equivalent to following a geodesic in theory space (!)

Average
pT loss
per jet

[Brewer, Milhano, JDT, PRL 2019]

T
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T
0
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ΣMD

https://arxiv.org/abs/1812.05111
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What is a Collider Event?

When are Events Similar?

What can be Geometrized?

49

Summary

An unordered set of particles that describes
the energy flow away from the collision point

When they are close in the geometric space
triangulated by the energy mover’s distance

Many concepts/techniques in quantum field theory
and collider physics from the last half century

(ask me about ML & QCD)

(ask me more about EMD)
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Fin
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Backup Slides
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Aside:  Machine Learning for Jets “ML4Jets”
NYU, January 2020

The
Machine

Properly specified
problem

Many (labeled)
examples

�

J
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Verification

Check that answer
is physically sensible

Symmetry:

Safety: ~p = {E, n̂x, n̂y, n̂z}
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Energy weighting (QFT!) 

Unordered, Variable Length Set (QM!)

J = { ~p1, ~p2, ~p3, . . . , ~pN}
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E.g. Energy Flow Networks

[Komiske, Metodiev, JDT, JHEP 2019; see also Komiske, Metodiev, JDT, JHEP 2018, PRD 2020;
special case of Zaheer, Kottur, Ravanbakhsh, Poczos, Salakhutdinov, Smola, NIPS 2017]

Ê

0

2

Learning QCD singularities!

vs.Quark 

Cq = 4/3
Gluon 

Cg = 3

z
θ

dPi→ig '

2αs

π
Ci

dθ

θ

dz

z

AP splitting probability:

https://arxiv.org/abs/1810.05165
https://arxiv.org/abs/1712.07124
https://arxiv.org/abs/1911.04491
https://arxiv.org/abs/1703.06114
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OmniFold
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Detector-level

Data

Particle-level

Generation

Truth

Pull Weights

Push Weights

Step 1: 
Reweight Sim. to Data

Step 2: 
Reweight Gen.

νn−1

ωn

−−→ νn
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[Andreassen, Komiske, Metodiev, Nachman, JDT, PRL 2020]

?
ML

HEP

Multi-dimensional unbinned detector corrections via iterated binary classification

Using, e.g.,
Energy Flow
Networks

https://arxiv.org/abs/1911.09107
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OmniFold

[Andreassen, Komiske, Metodiev, Nachman, JDT, PRL 2020]
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[talk by Badea, ICHEP 2020; cf. ALEPH, EPJC 2004]
[see also Badea, Baty, Chang, Innocenti, Maggi, McGinn, Peters, Sheng, JDT, Lee, PRL 2019]

Back to the Future with ALEPH Archival Data

thrust axis

intrinsically
unbinned!

binned
archive

https://arxiv.org/abs/1911.09107
https://indico.cern.ch/event/868940/contributions/3814556/
https://doi.org/10.1140/epjc/s2004-01891-4
https://arxiv.org/abs/1906.00489
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Ê

Energy-Energy Correlators

Ê

[Basham, Brown, Ellis, Love, PRL 1978; ALEPH, PLB 1991;
see Chen, Moult, Zhang, Zhu, PRD 2020]

Volume  257, n u m b e r 3,4 P HYS IC S  LE TTE R S  B 28 Ma rch  1991 

is  ins e ns itive  to  the  re n o rm a liz a tio n  s ca le  [ 16 ]. 

Th e  EEC is  de fine d  by the  e xpre s s ion  

1 - -  EiE, 
E E C ( c o s z ) =  ~ v ~ , ~  ~ ~ a ( c o s z - c o s z u ) ,  (3 ) 

whe re  N is  the  n u m b e r o f e ve n ts ,  the  indice s  i, j run  

o ve r a ll pa rtic le s  in a  g ive n  e ve n t,  E, is  the  e ne rgy o f 

the  ith pa rtic le , a nd  Zo is  the  a ngle  be twe e n  the  m o - 

m e n ta  o f pa rtic le s  i a n d j.  Th e  AEEC is  de fine d  a s  

AE E C (c o s  Z) = E E C (  - c o s  Z) - E E C (c o s  Z) . (4 ) 

Th e  e xp e rim e n ta l re s ult fo r the  EEC a n d  AEEC 

d is tribu tions  a re  s hown in fig. 2 toge the r with  the  

p re d ic tion  o f the  h a d ro n  a n d  p a rto n  le ve l d is tribu - 

tions  fro m  mode l ca lcu la tions . In  the  Lund  P S  mode l 

the s e  ra tios  de via te  fro m  1 by a t le a s t (5 -1 0 )% ,  in- 

d ica ting  a  m o d e ra te  s e ns itivity o f the  EEC a n d  AEEC 

d is tribu tions  to  h a d ro n iz a tio n  e ffe cts . Th e  ra tios  de - 

rive d  fro m  the  Lund  ME mode l,  howe ve r,  de via te  

fro m  1 by m o re  th a n  20%, s ugge s ting th a t h ighe r or- 

de r p e rtu rb a tive  co rre c tions  a re  ve ry im p o rta n t e ve n  

a t LEP  e ne rgie s . The re fo re  one  e xpe cts  re la tive ly la rge  

the ore tica l unce rta in tie s  fo r c~ if de rive d  fro m  the s e  

d is tribu tions .  

Th e  s ys te ma tic  d is to rtions  o f the  EEC d is tribu tion  

va n is h  to  a  la rge  e xte n t if one  cons ide rs  p re -c lus te re d  

e ve nts  (CEEC va ria b le ).  Th is  is  s hown in fig. 3 whe re  

the  m e a s u re d  CEEC d is tribu tion  is  d is p la ye d  to- 

ge the r with  the  ra tio  o f h a d ro n  a n d  p a rto n  le ve l dis - 

tribu tions  fro m  mode l ca lcu la tions  fo r two  va lue s  o f 

Ycu,. Th e  d is to rtions  due  to  h ighe r o rde r p e rtu rb a tive  

e ffe c ts  a n d  due  to  h a d ro n iz a tio n  a re  ve ry s ma ll in the  

ce n tra l ra nge . The  CEEC d is tribu tion  cha nge s  in 

s ha pe  with  va rying  You,- Th is  is  qua n tita tive ly pre - 

d ic te d  by the  s e cond  o rde r Q C D ca lcu la tion  which  is  

s hown in fig. 3 a fte r co rre c tion  s ing the  Lund  ME 

mode l.  Th e  curve s  c o rre s p o n d  to  c q (M 2) =0 .1 1 8  fo r 

a  re n o rm a liz a tio n  s ca le /z= ½Mz. 

Th e  s ys te ma tic  e ffe cts  fo r the  AEEC ca n be  a ls o 

s o m e wh a t re duce d  by the  pre -c lus te ring  bu t the y re - 

m a in  la rge r tha n  15%. Als o, a fte r p re -c lus te ring  the  

s trong  coup ling  cons ta n t de rive d  fro m  AEEC wa s  

found  to  be  a ga in  m o re  s trongly d e p e n d e n t on  the  re - 

n o rm a liz a tio n  s ca le . Th e  AEEC is  the re fo re  no t fur- 

the r cons ide re d  in th is  d is cus s ion  o f p re -c lus te re d  

s ha pe  va ria b le s . 

Although  the  re s idua l fra g m e n ta tio n  e ffe c ts  fo r the  

CEEC a re  s ma ll the y a re  s lightly a s ym m e tric  in cos z .  

F ro m  the  re s ults  o f a ll mode ls  (de s c ribe d  in the  pre - 

vious  s e c tion ),  it is  found  tha t the  ra nge  

- 0.5 < cos  Z < 0 ha s  cons is te n tly s ma ll a nd  cons ta n t 

d is to rtions . Th is  ra nge  is  the re fo re  chos e n  to  fit 

c~s (Mz ) .  Th e  cha nge  o f the  re s ults  whe n  m o vin g  to  a  

s ym m e tric  ra nge  - 0 . 2 5 < c o s x < 0 . 2 5  ha s  be e n  in- 

c lude d  in the  the ore tica l e rror. Th e  re s ults  fro m  fits  

o f the  s e cond  o rde r Q C D p re d ic tion  to  the  da ta  a re  

p re s e n te d  in fig. 4 a s  func tion  o f You, be fore  corre c- 

tion  fo r re s idua l fra g m e n ta tio n  e ffe c ts  (fig. 4 a ),  a nd  
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Fig. 2. Me a s u re d  EEC (a ) a n d  AEEC (b ) d is trib u tio n s  to g e th e r with  the  ra tio  o f d is trib u tio n s  on  h a d ro n  a n d  p a tto n  le ve l, a s  d e rive d  

from the  Lu n d  ME m o d e l a n d  the  Lu n d  P S  mode l.  
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Fig. 4. Re s ults  for c~s (M~) as  func tion o fy ~ ,  from QCD fits  to  e ve nt s hape  dis tributions  be fore  corre c tion for fragme ntation e ffe cts  (a ),  

(c ),  and afte r corre c tion with e s tima te d the ore tica l unce rta intie s  for a fixe d s ca le  # = ~ Mz  inc lude d in the  e rrors  (b ),  (d ).  

Table  1 

Fit inte rvals , va lue s  for c q(M~ )  be fore  corre c tion for fragme nta tion e ffe cts  ( ~  . . . . .  ), range  o f corre c te d va lue s  ( O Ls  c ° r r  ) ,  and range  o f 

va lue s  corre c te d for ha dro niz a tio n a lone  (~  ~,a ). The  re no rma liz a tio n s ca le  # = ½  Mz  applie s  throughout. 

Variable  3'cm Fit inte rval oq (M~ ) . . . . . .  cq (M~ ) . . . .  a s  ( M~  ) h.d 

CEE C 0 .02  - 0 . 5 - 0 . 0  0 .115  + 0 ,002  0 ,1 1 5 -0 .1 2 3  0 .1 1 9 -0 .1 2 4  

7" 0 .03  0 .8 -0 .9  0 .120  +_ 0 .003  0 ,1 1 8 -0 .1 2 5  0 .1 2 6 -0 .1 2 8  

C 0 .03  0 .4 -0 .6  0 .119  +0 .0 0 3  0 .1 1 9 -0 .1 2 7  0 .1 2 5 -0 .1 2 7  

O 0 .03  0 .3 -0 .4  0 .114_+0.003  0 .1 1 3 -0 .1 2 0  0 .1 1 8 -0 .1 2 0  

fe c ts  and the  ha dro niz a tio n pro c e s s  [ 3 ].  In this  s e c - 

tio n the  va ria ble s  thrus t,  T, o bla te ne s s ,  O, a nd the  C- 

pa ra me te r,  as  de fine d in re f. [ 71 , are  re c o ns ide re d in 

the  c o nte xt o f pre -c lus te re d e ve nts .  

The  fits  o f a s ( M~ )  we re  pe rfo rme d in inte rva ls  

c o nta ine d in tho s e  c ho s e n in re f. [3 ].  In a dditio n it 

wa s  re quire d that the  range s  are  we ll ins ide  the  kine - 

ma tic  bo unda rie s  impo s e d o n the  e ve nt s ha pe  dis tri- 

butio n due  to  pre -c lus te ring  up to  yc m=0 . 0 6 .  The  

range s  are  lis te d in ta ble  1. The  re s ults  o f the  fits  are  

dis pla ye d in figs . 4c ,  4d as  func tio n o fy ~ t be fo re  cor- 

re c tio n for fra g me nta tio n e ffe c ts ,  and a fte r c o rre c - 

tio n with the o re tic a l e rrors  for a fixe d re no rma liz a - 

tio n s c a le /~  = ½  Mz  inc lude d.  

S imila rly to  the  CEEC, the  fitte d c ~ s (M~ ) be c o me s  

s table  for Ycut > 0 .02 .  At the  s a me  time  the  re s ults  fro m 

the  va rio us  e ve nt s hape  va ria ble s  are  a ppro a c hing  

e a c h o the r and the  the o re tic a l unc e rta intie s  de c re a s e .  

The  s ta biliz a tio n is  s lo we r,  ho we ve r,  than for CEEC. 

In o rde r to  unde rs ta nd be tte r the  re le va nc e  o f the s e  

o bs e rva tio ns  o ne  has  to  ta ke  into  a c c o unt the  e xte nt 

to  whic h the  g loba l e ve nt s ha pe  va ria ble s  be c o me  

mo re  s tro ng ly c o rre la te d due  to  the  pre -c lus te ring .  At 

Ycut----0 .0 6 ,  for e xa mple ,  a lmo s t all e ve nts  in the  fit 

4 8 8  

Theoretical challenges with
small angle (collinear) limit

Extracting the 
strong coupling 
constant

https://doi.org/10.1103/PhysRevLett.41.1585
https://doi.org/10.1016/0370-2693(91)91926-M
https://arxiv.org/abs/2004.11381
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QCD Phase Transition in Jets?

[Komiske, Moult, JDT, et al., in progress; see talks by Moult, BOOST 2019,  BOOST 2020]
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Behind the scenes at

https://indico.cern.ch/event/753914/contributions/3444457/
https://indico.cern.ch/event/775951/contributions/3903457/
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Most Representative Jets
[http://opendata.cern.ch/]

[Komiske, Mastandrea, Metodiev, Naik, JDT, PRD 2020; using van der Maaten, Hinton, JMLR 2008]
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Most Representative Jets
[http://opendata.cern.ch/]
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[Komiske, Mastandrea, Metodiev, Naik, JDT, PRD 2020; using van der Maaten, Hinton, JMLR 2008]

http://opendata.cern.ch/
https://arxiv.org/abs/1908.08542
http://jmlr.org/papers/v9/vandermaaten08a.html
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Least Representative Jets
[http://opendata.cern.ch/]
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New Physics?
Or tails of QCD?

[Komiske, Mastandrea, Metodiev, Naik, JDT, PRD 2020]

http://opendata.cern.ch/
https://arxiv.org/abs/1908.08542
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Additional Travel Documentation


