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Highlights

• Operator bases of EFTs are organized by the conformal algebra

• A completely automated technique is developed for counting 
the dimension of an operator basis

1 dimensional spacetime (arXiv: 1507.07240)
General spacetime dimension (arXiv: 1601.xxxxx)
Application to SM EFT (arXiv: 1512.xxxxx)
……

The operator basis of an (non-conformal) EFT is spanned by 
the set of scalar (spin-0) conformal primaries formed from the
canonical fields and their derivatives

B. Henning, XL, T. Melia and H. Murayama:
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Highlights

1 generation

3 generations

SM EFT

B. Henning, XL, T. Melia and H. Murayama, arXiv: 1512.xxxxx

931 by L. Lehman and A. Martin (LM), arXiv: 1510.00372



Motivation

Why counting operators?
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A theory field content symmetries imposed
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A theory field content symmetries imposed

{ }, , ,Aµφ ψ 

SM

MSSM

19

105

Degree of freedom of the theory Practical use?

The technique developed may
be useful in studying deeper 
underlying structures, if any

None…
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The number is large!

What is hard about counting operators?
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An operator basis: A set of complete but independent operators

What is hard about counting operators?

• Redundancy relations

- Equations of Motion (EOM)

- Integration by Part (IBP)

- Group Identities

• Complicated field content

• Various symmetries

{ }, , , , , , , ,a aH Q u d L e G W Bµν µν µνΦ∈

( ) ( ) ( ) , Lorentz invaria1 n e3 2 c
c W Y

SU SU U× ×

( ) ( ) 2µ
µ αγ βδαβ γδ

σ σ =  

2 0D φ× =

( ) 0Dµ
µ =

SM EFT: ( ) ( ) 5 2 7 46 3 8
1 1 1 1

SMΦ = Φ + + + +
Λ Λ

+
Λ Λ

     



Motivation

1111/30/2015 UC Davis Seminar Xiaochuan Lu, UC Davis

What is hard about counting operators?

80 baryon conserving

• W. Buchmuller and D. Wyler, Nucl. Phys. B 268 (1986) 621

• B. Grzadkowski, M. Iskrzynski, M. Misiak, and J. Rosiek, arXiv: 1008.4884

• L. Lehman and A. Martin, arXiv: 1510.00372

59 baryon conserving

 dim 6, 1fN= =

 dim 8, 1fN= =

535 operators = 931 real coefficients
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What is hard about counting operators?

dim 6=

counting by hand…

B. Grzadkowski, M. Iskrzynski, M. Misiak, and J. Rosiek, arXiv: 1008.4884
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• Review of non-derivative techniques

Outline for the rest of this talk

• derivative warm up: 1d spacetime

• true task: higher d spacetime

1711/30/2015 UC Davis Seminar Xiaochuan Lu, UC Davis



non-derivative techniques

Counting technique without derivative (Invariant theory)
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arXiv: 0907.4763, E. E. Jenkins and A. V. Manohar

Good reviews:

arXiv: 1010.3161, A. Hanany, E. E. Jenkins, A. V. Manohar, and G. Torri

arXiv: 1503.07537, L. Lehman and A. Martin

• Hilbert series as an organizing tool
• Molien-Weyl formula
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Hilbert series as an organizing tool
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Example for non freely generated ring
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2

1 1
1 1x u

H =
− −

=

( ) [ ],φ φ=  

Imposing symmetries

*

1 1
1 1x u u

H =
− −

=

* *

**

u
u

ux uφ

φ

φ

φ →


→
→=

( )* *,, ,φ φ φ φ =   

[ ]inv x=  [ ]inv x= 

non-derivative techniques

2 2
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x uφ
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2
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φ φ
φ φ
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
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θ

θ

φ φ

φ φ−
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
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Nontrivial examples of imposing symmetries

( ) { }1 2 2

1 1 2 2

, , ,
,
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φ φ
φ φ φ φ

=

= − = −


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1 1 2 2 3 1 2, ,x x xφ φ φφ= = =

2
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*
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2
1 2 3 4x x x x=
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1 2 3 4 1 2 3 4, , , /inv x x x x x x x x= −

( )( )( )( )
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3 4
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1 1 2 2
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1 1 2 2 1 2 1

*
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*

2
2

*

1

*

1
1 1 1 1
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1 1 1 1
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x x x x

u u u

x x
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u u u u u u u u

=
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−
=

− −

−

− −

non-derivative techniques

1 1 2 2,u uφ φ→ → * * * *
1 1 1 1 2 2 2 2, , ,u u u uφ φ φ φ→ → → →



2911/30/2015 UC Davis Seminar Xiaochuan Lu, UC Davis

Molien-Weyl formula: representation theory

non-derivative techniques
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Molien-Weyl formula: representation theory

( ) ( ) ( )trr r a a
a

g g c gχ χ== ∑
( ) ( )*1

a b ab
g

g g
G

χ χ δ=∑
( )singlet,

1 1r r
g

c g
G

χ= ⋅∑

non-derivative techniques

[ ]1 2, , , n R rg gφ φ φ → = ⊕ 

{ }1 2
1 2 1 2,nrr r

n n rr r r r gφ φ φ + + + = → 

( ) singlet,
0

?r
r

r

H u c u
∞

=

≡ =∑
{ }

1

2,

n

G g g g

φ
φ

φ

Φ



=


= Φ →





=







3111/30/2015 UC Davis Seminar Xiaochuan Lu, UC Davis

Molien-Weyl formula: representation theory
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Molien-Weyl formula: representation theory
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non-derivative techniques

Molien-Weyl formula: representation theory
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Molien-Weyl formula: representation theory
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Molien-Weyl formula: representation theory
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Weyl integration formula

1
1 2 1 2~g hg h g g− →=

maximal torus generated by Cartan subalgebra

class function:
( ) ( )1 2 1 2~ g f gg f g→ =

( ) ( ) ( ) ( )G GT
d dg f g f g

α
µ µ α α

∈
  =∫ ∫

non-derivative techniques
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Weyl integration formula

1
1 2 1 2~g hg h g g− →=

maximal torus generated by Cartan subalgebra

class function:
( ) ( )1 2 1 2~ g f gg f g→ =

( ) ( ) ( ) ( )G GT
d dg f g f g

α
µ µ α α

∈
  =∫ ∫

( )2
a ai tSU eg θ=⊃

( ) 3 /2,i t iT g e eθ θα α⊃ = ≡

( )1/2 1

0
0sg
α

α
α= −


≡ 
 

non-derivative techniques

W. Fulton and J. Harris, Representation Theory, Springer, New York, 2004
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A. Hanany and R. Kalveks, arXiv: 1408.4690

non-derivative techniques

( ) ( ) ( )( )

( ) ( )
1 2

2 2
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2 2
1 1 2 1 2

1 23 2 2
1 2 1 2 2 1 2 1
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2 2 2
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∫ ∫

 



Weyl integration formula
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 
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non-derivative techniques

Plethystic Exponential

More than one generate multiplets: { }aΦ
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non-derivative techniques
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∞ ∞
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A side note on fermionic fields
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non-derivative techniques

generator multiplet representation matrix generator multiplet character

graded R characterproject out singlet

Summary of Molien-Weyl formula
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non-derivative techniques

Back to examples of imposing symmetry
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d
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H
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=
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
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non-derivative techniques

Back to examples of imposing symmetry



Need to accommodate derivative!

• warm up: 1d real scalar

• true task: higher d
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- EOM - IBP



warm up: 1d real scalar

EOM: removing generators
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2 0φ∂ =EOM:

[ ],EOM 1 2 21, , , , ,, NN Nφ φ φ φ φ φ∂= ∂ ∂  ( ) ( )( )M
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( )( )( )free 2

1,
1 1 1

H u t
u tu t u

=
− − − 

u
t
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warm up: 1d real scalar
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IBP: highest weight states of SO(3,C)

φ
φ


Φ
∂

= 


A spin ½ representation of SO(3,C)
derivative as a lowering operator
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Calculation of Hilbert series
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Closed form results
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warm up: 1d real scalar

Side remark: recursion relation (composition rule)

5011/30/2015 UC Davis Seminar Xiaochuan Lu, UC Davis

( ) ( ) ( )2
0 ,EOM1

1 1 ,
2

,N a N aH u u u
i

d H
α

α α α
π α=

−= ∫

( ) ( ) ( )1,EOM ,EOM 1,EOM 1, , ,N a N a NH Hu Hu uα α α+ +=

( ) ( ) ( )1
1 0 1 1 0 11 1 21

1 , ,, , , , , , ,
2N N N Nx N NH u u u u u u x x ud ux H H

i xπ +
−

+ + −=
= ∫ 



( ) ( ) ( )1
1 0 1 1 10 1 11

1 , ,, , , ,
2

, , , ,N NM N M N N Mx N MH u u u u ud ux x xH
x

H u u
iπ

−
+ − − −= ++ −= ∫  





warm up: 1d real scalar

Side remark: composition rule in diagrams
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( )2 0 1 2, ,H u u u ( ) ( ) ( )2
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=
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general composition:
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1d method recap: two steps
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 Find graded R character

 Project out highest weight states
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true task: higher d
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• Lorentz invariance

Euclidean spacetime Molien-Weyl formula( )SO d

Can we generalize the 1d method to higher d?
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• Lorentz invariance

Euclidean spacetime Molien-Weyl formula( )SO d

Can we generalize the 1d method to higher d?

free , ,, ,µ µ ν µ ν ρφ φ φ φ∂ ∂ ∂ ∂ ∂ =  ∂
  2 0µ µφ φ∂ = ∂ ∂ =

• EOM does not truncate generators

EOM
kφ∂ =  

21 kµ µ µ φ∂ ∂ ∂traceless symmetric:kφ∂
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• Lorentz invariance

Euclidean spacetime Molien-Weyl formula( )SO d

Can we generalize the 1d method to higher d?

free , ,, ,µ µ ν µ ν ρφ φ φ φ∂ ∂ ∂ ∂ ∂ =  ∂
  2 0µ µφ φ∂ = ∂ ∂ =

• EOM does not truncate generators

EOM
kφ∂ =  

21 kµ µ µ φ∂ ∂ ∂traceless symmetric:kφ∂

• IBP
A group where each µ∂ acts as a lowering operator?
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• Lorentz invariance

Euclidean spacetime Molien-Weyl formula( )SO d

Can we generalize the 1d method to higher d?

free , ,, ,µ µ ν µ ν ρφ φ φ φ∂ ∂ ∂ ∂ ∂ =  ∂
  2 0µ µφ φ∂ = ∂ ∂ =

• EOM does not truncate generators

EOM
kφ∂ =  

21 kµ µ µ φ∂ ∂ ∂traceless symmetric:kφ∂

• IBP
A group where each µ∂ acts as a lowering operator?

( )2,SO d + ( )3,SO  complexified conformal group
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Can we generalize the 1d method to higher d?

( )
,

2,
,

D P P
SO d

D K K

µ µ

µ µ

  = − + 
  = +

⊃


( ) { },2 , , ,SO d L P K Dµν µ µ⊃

conformal group
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scalar conformal primariesLorentz invariance, EOM, and IBP
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scalar conformal primariesLorentz invariance, EOM, and IBP

2 0, 0i i
i

pp = =∑ ( ) ( ) ( )3
# # cross ratios

2 2i j

n n n
pp n

−
= − = =
 

2

k

φ
φ
φ

φ









∂
∂

Φ



=

∂








[ ]EOM Φ=  Pµ

real scalar

Can we generalize the 1d method to higher d?
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4d real scalar example

( ) ( ) ( ) ( )1 2 2 2
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, tr, , 1 ,, ,
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∞
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 Find graded R character
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( ) ( ) ( )( )( )( )2 2 2
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21 1 1
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d dd
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4d real scalar example
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 Project out 0-spin primaries ( ) ( ) ( ); , , ,,, Lorentz
ll qq P qχ α β χ α β α β∆
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F. A. Dolan, arXiv: hep-th/0508031
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One subtlety: unitarity bound

( ) ( ) ( ) ( ) ( )4
4 231, 1RSOH p d

P
Op ppφ µ χ φ φ= = − +++∫

F. A. Dolan, arXiv: hep-th/0508031
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
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, 01 l∆ ≥ =
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One subtlety: unitarity bound
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4d SM EFT

 Find graded R character

{ }( ) ( )1 2 1 2, , , , , , , PE , , , , , ,
aa

a
aR q x zz q x y zzyχ α β φ χφ α βΦ

 
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∑

 Project out gauge invariant 0-spin primaries

{ }( ) ( ) ( ) ( ) ( ) { }( )

( )

1 2 1 24

4

1, , , , , , , , , , , ,
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4d SM EFT
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~ 1 2,0 , ~ 0,1 2

~ 1,0 , ~ 0,1
L R

L RX Xµν µν

φ

ψ ψ

Lorentz group representations

{ }( ) ( )4
1, PE

aa

conforma gauge
a gauge

a
SO

l
aH p d d

P
φ µ µ χ χφ ΦΦ

 
=   

∑∫ ∫
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4d SM EFT

( ) ( ) ( )
1 1 1 1

1 2
1 1

0

, ,, 1,
k k k k

conformal k

k

q q P qq qφ
α α β βχ α β α β
α α β β

+ − − + − −∞
+

− −
=

=
− −
− −

= −∑

( ) ( ) ( ) ( )
2 2 1 1

3/2 3/2 1 1
1 1

0

, ,, ,
L

k k k k
conformal k

k

q qq q Pqψ
α α β βχ α β α α β β α β
α α β β

+ − − + − −∞
+ − −

− −
=

− −
= + − += − −∑

( ) ( ) ( )( ) ( )
3 3 1 1

2 2 2 2 1 1 2
1 1

0

, , 1 ,,
L

k k k k
conformal k
X

k

q Pq q qqq α α β βχ α β α α α α β β α β
α α β β

+ − − + − −∞
+ − − −

− −
=

= + + − + + +
− −
− −  =  ∑

{ }( ) ( )4
1, PE

aa

conforma gauge
a gauge

a
SO

l
aH p d d

P
φ µ µ χ χφ ΦΦ

 
=   

∑∫ ∫

~ ,
2 2

1~ ,
2 2

2~ ,
2 2

k

k
L

k
L

k kD

k kD

k kD X

φ

ψ

 
   

 + 
  

 
 + 
  

 

2 0
0

0
L

L

D
D
D Xµ

µν

φ
ψ

 =


=/
 =

EOM ( ) ( )
1 1 1 1

1 12, 2 ,
m m n n

Lorentz
m n

α α β βχ α β
α α β β

+ − − + − −

− −− −
− −

=
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4d SM EFT

( ) ( ) ( ) ( ) ( ) ( ) ( )1 2
1 2 1

3
2, , ,,

a aa a

Ugauge SU SUx y z z x y zzχ χ χχ Φ ΦΦ Φ=

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

*1 2 2 21 2 2
2

2 2*3 3 32 1 2 2 1
1 2 1 2 1 1 2 1 23 2 2

1 2 2 1

2 adj

3 a
2

dj
1 1 2

, , 1

1 1, , , , 2

U SU SU SUQ
Q

SU SU SU

x x y y y y y y y

z z z z zz z z z z
z z z z z z z z

z z z z

χ χ χ χ

χ χ χ

− − = = = + = + + 

 = = + + = + + + + + + 

Gauge invariance ( ) ( ) ( )3 2 1
c W Y

SU SU U× ×

{ }( ) ( )4
1, PE

aa

conformal
a

gau
aSO

ge
g e

a
augH ddp

P
φ µµ χφ χΦ Φ

 
=   

∑∫∫

( ) ( ) ( ) ( ) ( ) ( ) ( )1 211 2 32, , , ,U SU Sga ge Uu d xd x y z z d z zd yµ µµ µ=∫ ∫ ∫ ∫

( ) ( ) ( )( )

( ) ( )
1 2

2 2
1 2

2 2
1 1 2 1 2

1 23 2 2
1 2 1 2 2 1 2 1

1 1

2
1

1 1 1, 1 1
2 2 2

1 1 1 11 1 1 1 1 1
2 2 6

U SU

SU

x y

z z

dx dyd d y y
x y

dz dz z z z zd z
z z z z z z z z

i i

z
i i

µ µ
π π

µ
π π

= =

= =

−= = − −

        
= − − − − − −        

        

∫ ∫ ∫ ∫

∫ ∫

 


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1 generation

3 generations

SM EFT

931 by L. Lehman and A. Martin (LM), arXiv: 1510.00372
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{ }( ) ( ) ( ) { }( )
{ }( ) ( ) ( ) ( ) ( ) { }( )1/2,

EO

1/

M 4

,EOM 4 2

,

,

, , , ,

, , ,,,

RSO

Lorentz
D R

a

a SO

a

a

H d p

H d

p

p p

φ φ

φ

µ α β χ α β

µ α β χ α β φχ α β

=

=

∫
∫

EOM 0A D Aµ µ µ∈ → =

0ADD AA DDA µ µ µ νµ ν µµ νν= → = =

What mistake did LM make?

{ }EOM ,EOM ,0max DpH H H−=LM method:
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( )( )( ) ( )( ){ }
( )( ) ( )( ){ }

† † † †
EOM

† † † †
EOM

,

,

L L

L L

D H D H H B D H H H D H B

H D H H B D H H H H B

H

H

µ ν µν µ ν µν

ν µν ν µν

⊃

⊃





( )( ) ( )( ) ( )2† † † † †1
2

L L LH D H H B D H H H H B D H H BHν µν ν µν ν µν
 + =   

L. Lehman and A. Martin, arXiv: 1510.00372

B. Henning, XL, T. Melia and H. Murayama, arXiv: 1512.xxxxx
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( )0# D Aµ µ= =The # of IBP

A D Aµ ν µν=

( ) ( )# #A D Aµ ν µν−
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( )0# D Aµ µ= =The # of IBP

A D Aµ ν µν=

( ) ( )# #A D Aµ ν µν−

( ) ( )# #A D Aµν ρ µνρ−
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( )0# D Aµ µ= =The # of IBP

A D Aµ ν µν=

( ) ( )# #A D Aµ ν µν−

( ) ( )# #A D Aµν ρ µνρ−

( ) ( )# #A D Aµνρ σ µνρσ−
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( )0# D Aµ µ= =The # of IBP

A D Aµ ν µν=

( ) ( )# #A D Aµ ν µν−

( ) ( )# #A D Aµν ρ µνρ−

( ) ( )# #A D Aµνρ σ µνρσ−

( )# Aµνρσ
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( )0# D Aµ µ= =The # of IBP

A D Aµ ν µν=

( ) ( )# #A D Aµ ν µν−

The # of IBP ( ) ( ) ( ) ( )# # # #A A A Aµ µν µνρ µνρσ= − + −

( ) ( )# #A D Aµν ρ µνρ−

( ) ( )# #A D Aµνρ σ µνρσ−

( )# Aµνρσ
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( ) ( ) ( ) ( ) ( ){ }
( ) ( )

1/2,1/2

2 3 4
2-form,EOM 3-form,EOM 4-form,

1,0 0,1 1/2,1/

EOM 1-form,EOM

2 3 4
4

4

2

EOM

1
, ,

1 Lorentz Lorentz Lorentz Lorentz
RSO

RSO

p

p p

H H H

d

p H p H p H

p

d

p

P p

µ χ χ χ χ χ

µ
α

χ
β

−

 + +

+=

= −

=

−

+

+ 

−

∫

∫ Then it is almost correct

( )( )( )( )1 1 1 11 1 1 1p p p pαβ αβ α β α β− − − −− − − −

What mistake did LM make?
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General d case

( ) ( ), , PE ,R i iqxq xχ φ φχΦ=   

( ) ( ) ( ) ( ) ( )*
,

0
2, , , , ,SO d i i R ixH p d q qp x xqφ µ χ χ φ

∞
∆

∆
∆=

= ∑∫

Conformal representation of each field content:

scalar conformal primariesLorentz invariance, EOM, and IBP

( ) ( ) ( ) ( )
( ) ( ),2 11

1 1
2 ,

,
,i iSO d SO d q

i i

q x x dqd d
q P q P qi x x

µ µ
π −=

=∫ ∫ ∫

( )
( )( )

( )( )

1

1

1
1 1

,
1

1 1
1

1

i i

i

i i

qx qx
P q

qx qx

x

q

−

−

− −
=

−




−




 −

( ) ( ), ,i ix q xq P qχ ∆
∆ =

χ χ∆ ∆≠

when unitarity
bound is saturated F. A. Dolan, 

arXiv: hep-th/0508031



• Application: counting issue in other theories, such as ChPT?

• Deeper understanding: connection between Hilbert series
and other observables?

Possible future direction

• technical: generalizing the recursion relation at 1d?
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Thank you!
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