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Describing the Boundary

M = bulk
(M, [g]) = conformal manifold

M
E‘ Buv ™~ Q? (X)g;w

> = boundary

inherits conformal class of metrics
(%, [g=])

To say where the boundary is introduce an almost everywhere

positive function o(x).

Y is the zero locus of o.
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The Scale

Along %, the function o encodes boundary data, in the bulk it is a spacetime
varying Planck Mass/ Newton Constant. J

@ The scale o(x) is the gauge field for local choices of units
o(x) ~ Q(x)a(x)

@ The double equivalence class [gy., 0] = [Q%g,., Q0] determines a
canonical metric g% AWAY FROM ¥

. . [8uw: 0] = [ggw 1]
in units Kk = 1.
@ Example: AdS

2 _ dx? + h(x)

dSO , 0'0:1,

2
but along ¥ should use

ds® = dx* + h(x), o=x,
well defined at the boundary ¥ = {x = 0}.
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The Normal Tractor

Along ¥, Vo encodes the normal
vector n and V.n the mean curvature H

Introduce scale and normal tractors

o 0
| = Vo , N=| 78|,
— (Ao + ) —H

d:=dimM, Rupo:= W + (84pPrs =3 more), J:= P

Theorem (Gover)

P=1 = Ig=N

Away from X the scale tractor controls bulk geometry,

along X it carries boundary information.
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Tractors

Probably not surprising that to describe conformal geometry, one should use
6-vectors rather than 4-vectors! Spacetime remains 4-dimensional.

Weight w tractors are defined by their gauge transformation w.r.t.
conformal transformations

T+ Q o o0\ /Tt
™ | 7m | Sqw| Tm gm0 | T =QvuMyTN,
T -6 —&Ts &/ \T°

Here T, := Q719,02 and UMy € SO(d,2).

Tractors give a tensor calculus for conformal geometry®.

Example: T2:=2T+T~ 4+ T™T,, is a conformal invariant

<& T.N.Bailey, M.G.Eastwood, A.R.Gover, Thomas's structure bundle for conformal, projective and related structures, Rocky
Mountain J.Math. 24 (1994) 1191.
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Parallel Scale Tractors

The tractor bundle is physically very interesting because parallel tractors
correspond precisely to Einstein metrics.

The tractor covariant derivative on weight zero tractors
oTT—T,
VTV = |V T+ PITH +6,T~ | = UMV, TV,
0T~ =P Tm

Theorem (Sasaki; Bailey, Eastwood, Gover; Nurowski)

(M, [g]) conformally Einstein < (M, [g]) admits a parallel scale tractor.

v

Proof.

Call Iy = (p, nm, o) and study dpo —ny =0
VM =05 { Vi, +Puo+gup=0
Aup —Puun” =0

O
y
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Physics Dictionary®

No physics depends on local choices of unit systems = express any theory in tractors. Unification a |a 3 — 4-vectors! )

o Einstein—Hilbert action S[g,0] = [ Y£ /2.
o IM para||e| = I2 == Constant; this is the cosmological constant!
@ Replace derivatives by Thomas D-operator; unirics Laplacian and gradient!

w(d + 2w — 2)
DM = (d+2w-2)V|, D"Dy=0.

] A —wl
o We|ghts Of tractors = IMAaSSES; Breitenlohner—Freedman bounds for free!

@ Wave equations for tractor tensors I-DT =0

@ Example T = ¢, weight w scalar, 0 =1,

I~D¢:—[A—%W(d+w—1)]9‘7

2 2
. . . 2 d d—1
Mass—Weyl-weight relationship m? = |:(W + T) — %]

< Gover, Shaukat, AW
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Tractor Maxwell Theory
e Maxwell Tractor, VM, weight w with gauge invariance
(w + 1)
SVM = DM¢ = (d + 2w) V3
*
Dy VM is gauge inert so impose

D-V=0, determines V.

Get gauge transformations of Stiickelberg-massive Proca system
SVT = (d+2w)(w + 1), V™ = (d +2w)V™E.
@ Tractor Maxwell Field Strength
FMN — pMyN _ pNyM. gauge invariant.
@ Equations of motion by coupling to scale
IN = 1yFMN =0, Proca Equation
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For w = —1, V+ decouples, get standard massless Maxwell.

For w =1 — £, scale tractor decouples!

In four dlmen5|ons 1-— 5 = —1 so this says Maxwell is \Weyl invariant.
In d # 4, get Weyl invariant Deser—Nepomechie theory

, d— , d+2 N
AA, dVVA+ (2PWA A =0
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Unify Massive, Massless and Partially Massless Theories

Example
Tractor Gravitons hyy with

1
dhmn = Dmén + Dném DM by — §DNhM =0,

Tractor Christoffels 2I' yynrg = Dvhng + Dnvhvr — Drbhun

Gun = 1T ung = 0, massive gravitons

@ Examine gauge transformations
Shtt = (d +2w)(w + 1)ET
Sh™ = (d 4 2w) [wE™ + VTET]
Sh™ = (d 4 2w)[V7ME™ + Ve + ymnet]

@ w = 0, massless gravitons

@ w = —1, partially massless gravitons
2J
6H™ = (d = 2) [ V"V + Sy €
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Boundary Problems
Problem

Given a boundary tractor Ty, find a tractor T on M such that

Ty =Tsx and |-DT=0.

In a given Weyl frame, this is a Laplace type problem, so could just choose coordinates and study the resulting PDE

Method

@ Boundary data

.

T

E3

e Extend Tx arbitrarily to Ty with To|ly = Tx

=

—

T —"

o

> M

o lteratively find T(), T2 approaching solution T, with
T(/)|z =Ts

2@*“

@ Check solution T is /ndependent of original ch0|ce of extension Ty.
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Boundary Calculus

Observe that because T|y = Ty = To|x
T=Ty+0S, for some S.
This suggests to search for an expansion in the scale!
TO =To+oTi+0°To+---+0'T).

Need algebra of /- D and o, remarkably

[l - D,0] = (d 4 2w)/?

Or calling x :=0, h:=d+2w, y = —,izl - D we have the sl(2) solution
generating algebra

[X7y]:h7 [h7X]:2X’ [hay]:_2y
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The Solution
Example
Given weighted tractor hT = hgT and T = To+ xT1 + x*To + - - - then

yT =yTo—(ho —2) Ty + x(yTy — 2(ho = 3)T2) + - -+,

o)
1

(ho —2)(ho — 3)
All order solution given by solution generating operator

T=:K(2): Ty

T=Ty+ xyT0—|—2 X2y2To+ .

1
ho — 2

with
o1
K(z)=z 7 T(2— hg)h_pn,(2vz) = I LA (e LA
and z = xy with normal ordering
cZF = xRk
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Tangential Operators
We call a bulk operator O tangential if

Oo =00, for some O’

Example

o The tangential derivative V' := V — nV,,
@ The solution generating operator : K : obeys
tK:x=0
for same reason that y: K: = 0.
@ The holographic GJMS operator
vk, k € 2N

acting on tractors with weight hg = k + 1, because
[x, y¥] = y*“tk(h — k +1).

When bulk operators are tangential they define boundary operators since
OT|x is independent of how Ty is extended to T.

v
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Obstructions and Anomalies
When hg = 2,3,..., so w + % =1, %,2, ..., the recurrence
1
= yT_
k(ho —k —1)7 <71

N.B., usually Ty ~ y¥ Ty, so the operator y* is the obstruction.

T fails for Tp,—1.

@ For conformally Einstein bulk and hg = 2,4,6, ..., y* vanishes.
e For hy = 3,5,7, ... the tangential operator y* is a holographic
formula for the GJMS operator

Poi = AX + curvatures .

Conformally invariant boundary operators corresponding to conformal

anomalies.
e Acting on log densities! y9=1 yields Branson's Q-curvature

1 d-1
—_— Uls.
(CERI
Holographic anomalies of Henningson—Skenderis.

YUnder conformal transformations U — U + log Q.
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Log solutions
Using [y, x¥] = —x*~1k(h+ k — 1) we learn

y:K(z): =: (zK”(z) + K'(2)(2 - h) + K(z)) Ly,
Operator problem now an ODE—Bessel type-equation solvable by
Frobenius method: J

Second solution = zho*l(ﬁrst solution hg — 2 — ho)

ho € N, Log solution = (degree hy — 2 polynomial)
+ zM=1log z x (second solution) + “finite terms”

Log solution requires second scale 7, at definite weight only log(o/7)
can appear. 7|y # 0

@ log z is completely formal because z = xy, but log T can play rdle
of “logy".

Algebra of log x,

[y,logx] = —;(h—1)

@ Must also require solution generating operator to be tangential.
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The Solution

Remarkably, can solve to all orders at log weights

T=0OTy, solves!-DT =0

: 2 B(z):
O=:Fn22): = oy
xMo—1 log x i Ko (2): yho—1 — xho—1 Ky (2): [Iog‘r yhO*l]W
- (ho—1)1(ho—2)!

@ Fpy—2=1+--is the standard solution up to orders before
obstruction— “infinities” .

@ log terms multiply second solution Kp, = 1+

o careful Weyl ordering of operators y and log 7 ensures tangentiality
Ox =0.

@ B = 1+ are non-log finite terms. Explicit formulae for all terms.

Solution of wave equation boundary problem for arbitrary tensors in any
curved bulk.
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Ambient Tractors

Flat model for conformal manifold

e

~

it

o Ambient space M = RI+11
o Lightcone @ = {XMXy, = 0}
e Conformal manifold M = {lightlike rays}
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Momentum Cone

Tractors are equivalence classes of weighted ambient tensors T (Gover,
Peterson, Cap)

T~ T+ X3S, XM T =wT.
Tractor operators respect equivalence classes

0OX? = X200’

Fundamental operators <+ momentum space representation of the ambient
conformal group (Gover, AW)

Canonical Tractor XM
Weight w=Vx
Double D-operator Dyn = XuVp — XuVn
Thomas D-operator | Dy = Vy(d +2Vx — 2) — XyA
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Curved Cone

Metric on curved ambient space (M, gyn):

gmn = VuXy

where X is now hypersurface orthogonal homothetic vector field.
Consequences:

Lxgmn =28mn, VimXn =0, Xy = VM%X27 gMN = %VMaNxz-
So X2 is homothetic potential and defines a curved cone.

Define tractors as before = arbitrary curved space.

Remarkably have an s/(2) = sp(2) algebra from operators (GJMS)

X? Vy + 92
Q= <VX 4+ di2 X A ? J [Qij; Qu] = € Qi + (3 more)
2
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Two Times Physics

Iltzhak Bars:
H— Q;, R LRI

because Howe dual pair

sp(2) ® so(d,2) C sp(2(d + 2))

Particle action

relativistic particle

2 xp AdS particle
S = /dt PMXM—)\UQI s Q = < ' > A H-atom
[ J} X.P  P? Harmonic Oscillator

Bars proposed

Gravity < { triplets of Hamiltonians in 2(d + 2) dimensional phase space }

obeying sp(2) algebra

Confirm this proposal using tractors! (Bonezzi, Latini, AW)
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Gravity

[Qij, Qui] = €k Qi + €k Qj + €4 Qix + €1 Qji
QU =0

@ Symplectic Gauge Invariance

Q— Q+[Q,€, Vi U4 eV
@ Expand Q, € in powers of operator V — infinitely many fields
@ Solve sp(2) conditions

XMGMNXM XM(VM—FAM)—I—#

Q: 5
XMV +Am) + 452 (VM + AMY Gy (VN + AN)

e:oc—{—fM(VM—{—AM),
with Gyy = VuXy, XMFyn(A) = 0.
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Many Actions
@ Lagrange multipliers for Hamiltonian constraints

S(Guaw: A, ¥.2.0.0) = [ VE(992+0x.T+ 12 ax?)w

© fixes weight VxV¥ = (w — ¢ — 1)¥

A says W = §(X?)p so ¢ ~ ¢ + X2y

= S=[VG§X?)T(G,AQ,¢)

T=9¢(V+ A)2Q must be a tractor: in Maxwell gauge X.A = w

1 1
T = qj(WAMDM - 5 (0MAu) + A2)Q

o T tractor = d-dimensional action S = [ /—gT
@ Residual SO(1,1) gauge invariance
1
N=0Q, dp=—-ap, 6AM= ﬁpma
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Singlet Q¢ =: ©? is gauge invariant.
Integrate out Ay, leaves only ¢ and metric

s= [ v=ge[a- 52

CONFORMALLY IMPROVED SCALAR

In terms of scale .
1—4d
2

p=0

Tractor Einstein—Hilbert action

S:/V_dglz
g

Weyl invariant

Choose 0 = 1,

52/\/—_gR.
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Conclusions and Outlook

@ Transversal tensors.

e Ubiquity of / - D, harmonic Weyl tensor — [.[0 Wy nrs = 0 for Weyl
tractor.

@ Global solution?
@ Correlator calculus.

@ Two times and dualities.
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