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Adopting r5 1.5 kpc, the star-formation efficiency is e< 0.02, which
is consistent with that derived for local ultra-luminous infrared
galaxies17 and archetypal high-redshift sub-millimetre galaxies9, but
a factor of 20 lower than the most extreme ‘hyper’-starbursts at z< 6
(ref. 18).

Sub-Millimeter Array observations spatially resolve the galaxy’s
870-mm (345-GHz) continuum emission with a 0.299 synthesized
beam, providing a detailed view of the galaxy’s morphology. Figure 1
shows eight discrete components over ,499 in projection. These
represent two mirror images of the source, each comprising four
separate emission regions, reflected about the lensing critical curve.
Themap contains a total flux of S850mm5 (866 3)mJy, or (826 2)%
of the flux in the LABOCA map, suggesting that the structures in the
Sub-MillimeterArraymapcontain thebulkof the870-mmluminosity.
Reconstructing the source-plane image, the galaxy comprises four
bright star-forming regions in the source plane (A, B, C andD), which
are separated by 1.5 kpc in projection (A and B are separated by
,800 pc, C and D by ,450 pc). Assuming the dynamics of the CO
emission trace the virialized potential well of the galaxy, then on these
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Figure 1 | Multi-wavelength images of the galaxy cluster MACSJ2135-
0102. a, Hubble Space Telescope VI-band colour image of the galaxy cluster
with white contours denoting the 870-mm emission from observations with
LABOCA on the APEX telescope. Contours denote 5s, 10s, 15s, 20s, 25s
and 30s (with root-mean-square noise of 3.5mJy), identifying a sub-
millimetre galaxy with flux 106.06 7.0mJy (the quoted error on the galaxy
flux includes calibration uncertainties) at a5 21:35:11.6, d5201:02:52.0
(J2000), which is associated with a faint optical counterpart with magnitude
IAB5 23.66 0.2. The solid red lines denote the z5 2.326 radial and
tangential critical curves from the best-fit lens model. b, True-colour IRAC
3.6 mm, 4.5mm, 8.0 mm image of the cluster core with contours denoting the
350-mm emission from observations with the Submillimetre APEX
Bolometer Camera (SABOCA). Contours are spaced at 5s, 10s, 15s and 20s
(with root-mean-square noise of 23mJy); the 350 mm flux is 5306 60mJy.
The mid-infrared counterpart is clearly visible as an extended red galaxy
centred at the sub-millimetre position. The LABOCA and SABOCA full-
width at half-maximum (FWHM) beams are 1999 and 899 respectively. The
origins of both images are on the lensed galaxy with north up and east left.
c, Sub-Millimeter Array 870-mm image of the lensed galaxy. The map shows
eight individual components, separated by up to 499 in projection. The
contours denote the 870-mm emission and start at 3s and are spaced by 1s
(where 1s is 2.1mJy). The red line is the same z5 2.326 radial critical curve
as in a and b. The components (A, B, C and D) represent two mirror images
of the galaxy, each comprising four separate emission regions reflected about
the lensing critical curve. The inset shows the 0.33993 0.2199 synthesized
beam with position angle of 15u east of north.
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Figure 2 | Carbon monoxide observations of SMMJ213520102 obtained
with the Green Bank Telescope and Plateau de Bure Interferometer. The
redshift of z5 2.32596 0.0001 was derived from observations using
Zpectrometer, a wide-band spectral instrument on the Green Bank
Telescope28. a, Zpectrometer CO(1–0) spectrum, showing a double-horned
profile with a velocity offset of (2906 30) km s21 between the two peaks.
b, Plateau de Bure observations of the CO(3–2) emission, confirming both
the redshift and the multiple velocity components seen in CO(1–0). The
CO(3–2)/CO(1–0) flux ratio of 5.96 0.3 suggests that the molecular gas is
subthermally excited and we therefore derive a cold gas mass of
Mgas5M(H21He)5 aL9CO(1–0)5 (1.66 0.1)3 1010M[ with a5 0.8 (we
adopt a cosmology withVL5 0.73,Vm5 0.27 andH05 72 km s21Mpc21).
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small-scale P(k) is interesting!

• shape of primordial power spectrum related to shape 
of inflaton potential

• small-scale P(k) sensitive to physics of DM particles

Current best probe is Ly α forest (e.g. Seljak et al. 2006), 
but already approaching gas Jeans scale!

small-scale structure

Millennium-2 simulation (Boylan-Kolchin et al.)



abundances
• another probe: abundance of objects 

(e.g. cluster dn/dM)

Planck Collaboration: Cosmology from SZ clusters counts

Table 2. Best-fit cosmological parameters for various combinations of data and analysis methods. Note that for the analysis using Watson et al.
mass function, or (1-b) in [0.7-1], the degeneracy line is different and thus the value of �8(⌦m/0.27)0.3 is just illustrative

�8(⌦m/0.27)0.3 ⌦m �8 1 � b

Planck SZ +BAO+BBN 0.782 ± 0.010 0.29 ± 0.02 0.77 ± 0.02 0.8
Planck SZ +HST+BBN 0.792 ± 0.012 0.28 ± 0.03 0.78 ± 0.03 0.8
MMF1 sample +BAO+BBN 0.800 ± 0.010 0.29 ± 0.02 0.78 ± 0.02 0.8
MMF3 S/N > 8 +BAO+BBN 0.785 ± 0.011 0.29 ± 0.02 0.77 ± 0.02 0.8
Planck SZ +BAO+BBN (MC completeness) 0.778 ± 0.010 0.30 ± 0.03 0.75 ± 0.02 0.8
Planck SZ +BAO+BBN (Watson et al. mass function) 0.802 ± 0.014 0.30 ± 0.01 0.77 ± 0.02 0.8
Planck SZ +BAO+BBN (1 � b in [0.7, 1.0]) 0.764 ± 0.025 0.29 ± 0.02 0.75 ± 0.03 [0.7,1]
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Fig. 7. Distribution in redshift for the clusters of the Planck cos-
mological sample. The observed number counts (red), are com-
pared to our best model prediction (blue). The dashed and dot-
dashed lines are the best models from the Planck SZ power spec-
trum and Planck CMB power spectrum fits, respectively. The
uncertainties on the observed counts, shown for illustration only,
are the standard deviation based on the observed counts, except
for empty bins where we show the inferred 84% upper limit
on the predicted counts assuming a Poissonian distribution. See
Sect. 6 for more discussion.

To investigate how robust our results are when changing our
priors, we repeat the analysis substituting the HST constraints
on H0 for the BAO results. Figure 6 (black contours) shows that
the main effect is to change the best-fit value of H0, leaving the
(⌦m,�8) degeneracy almost identical.

5.2. Robustness to observational sample

To test the robustness of our results, we performed the same anal-
ysis with different sub-samples drawn from our cosmological
sample or from the PSZ, as described in Sect. 3, following that
section’s discussion of completeness. Figure 8 shows the likeli-
hood contours of the three samples (blue, MMF3 S/N > 8; red,
MMF3 S/N > 7; black, MMF1 S/N > 7) in the (⌦m,�8) plane.
There is good agreement between the three samples. Obviously
the three samples are not independent, as many clusters are com-

Fig. 8. 95% contours for different robustness tests: MMF3 with
S/N cut at 7 in red; MMF3 with S/N cut at 8 in blue; and MMF1
with S/N cut at 7 in black; and MMF3 with S/N cut at 7 but as-
suming the MC completeness in purple.

mon, but the noise estimates for MMF3 and MMF1 are different
leading to different selection functions. Table 2 summarizes the
best-fit values.

We perform the same analysis as on the baseline cosmologi-
cal sample (SZ+BAO+BBN), but assuming a different computa-
tion of the completeness function using the Monte Carlo method
described in Sect. 3. Figure 8 shows the change in the 2D like-
lihoods when the alternative approach is adopted. The Monte
Carlo estimation (in purple), being close to the analytic one,
gives constraints that are similar, but shifts the contour along
the (⌦m,�8) degeneracy.

5.3. Robustness to cluster modelling

A key ingredient in the modelling of the number counts is the
mass function. Our main results adopt the Tinker et al. mass
function as the reference model. We use the Watson et al. mass
function to check for possible differences in our results due to
the most massive/extreme clusters. Figure 9 shows the 95% con-
tours when the different mass functions are assumed. The main
effect is a change in the slope of the degeneracy between⌦m and
�8, moving the best-fit values by less than 1�.

We also relax the assumption of standard evolution of the
scalings with redshift by allowing � to vary with a Gaussian prior
taken from Planck Collaboration X (2011), � = 0.66±0.5. Once
again, the contours move along the �8–⌦m degeneracy direction
(shown in blue in Fig. 9).

8

SZ maps



abundances

M=1015 M☉ M=108 M☉

• another probe: abundance of objects 
(e.g. cluster dn/dM)

• low mass halos & sub-halos sensitive to small-
scale P(k)



“Via Lactea”
Diemand et al. 2006

halos and subhalos



1 MOTIVATION: THE PHYSICS OF INFLATION AND DARK MATTER

Figure 1: Left: Density projection in the Via Lactea-II simulation [18]. Middle: Similar, but
excluding particles belonging to subhalos whose masses never exceeded 108M� any time throughout
the simulation. Right: Like the middle panel, but excluding subhalos with M

max

< 1010M�. This
sequence should qualitatively illustrate the e↵ect of truncating the power spectrum on substructure
content in DM halos.

has already proven fruitful. For example, the current best constraints on small-scale cluster-
ing have been derived by comparing observations of the Lyman-↵ forest power spectrum at
z ⇠ 2 to simulations [e.g. 11]. It will be di�cult, however, for future Ly↵ forest observations
to constrain significantly smaller scales than current bounds, since existing high-resolution
measurements are already approaching the gas Jeans scale, below which fluctuations in the
forest are wiped out.

Another probe of the power spectrum is the abundance of collapsed structures like halos
and subhalos. A well-known example of this is the sensitivity of galaxy cluster abundance to
the power on ⇠ 10 Mpc scales [12], which has led to intensive e↵orts to measure cluster counts
over time as a probe of cosmology [e.g. 13–15]. Analogously, we can use the abundance of
low mass (M . 1010M�) halos or subhalos to probe the linear power spectrum on sub-Mpc
scales. For ordinary ⇤CDM cosmologies with ns ⇡ 0.96, we would expect a Milky-Way-
sized halo to contain many thousands of satellite subhalos [see 16, for a recent review]. For
other cosmologies or parameters, calculating the dwarf halo abundance is nontrivial and
requires numerical simulation, but based on Press-Schechter-like arguments we can expect
that changing the shape of the high-k power spectrum will change the shape of the low-M
mass function [17]. For example, if we truncate the power spectrum on progressively larger
scales, we would expect a truncation in the mass function at progressively larger masses,
qualitatively similar to what is shown in Figure 1.

Counts of low-mass halos and subhalos can therefore provide potentially interesting con-
straints on the physics of dark matter and the early universe. The most obvious means
of counting low-mass halos would be to count low-luminosity dwarf satellites in the Local
Group, and e↵orts to do so have led to the famous “missing satellites problem” [16]. The
Milky Way appears to have . 100 luminous satellites, far below the thousands of DM sub-
halos found in N-body simulations of Galactic-mass halos [18–20]. It is widely believed that
the resolution of this apparent discrepancy lies within baryonic astrophysics, i.e. the Milky
Way may indeed possess thousands of subhalos, however most of them have low e�ciency
in producing stars and hence remain dark and undetectable in optical surveys.

2

subhalos



How to measure?

• count small galaxies / satellites

➡ missing satellite problem (see Kravtsov 2012  
for recent review)

Advances in Astronomy 7

disfavored by the fact that ultra-faint dwarfs appear to lie
on the continuation of the luminosity-metallicity relation of
more luminous dwarf galaxies [73].)

More practically, the extreme faintness of the majority of
dwarf satellites implies that we have a more or less complete
census of them only within the volume of ∼30–50 kpc of the
Milky Way [56, 74]. Figure 5 shows the distance to which the
dwarfs of a given luminosity are complete in the SDSS survey,
in which the faintest new dwarfs have been discovered. The
figure shows that we have a good census of the volume of
the Local Group only for the relatively bright luminosities
of the “classical” satellites. At the fainter luminosities of
the ultra-faint dwarfs, on the other hand, we can expect to
find many more systems at larger radii in the future deep
wide area surveys. The exact number we can expect to be
discovered depends on their uncertain radial distribution,
but given the numbers of already discovered dwarfs and
our current knowledge of the radial distribution of brighter
satellites (and expected radial distribution of subhalos), we
can reasonably expect that at least a hundred faint satellites
exist within 400 kpc of the Milky Way. This is illustrated in
Figure 6, which shows the luminosity function of the Milky
Way satellites corrected for the volume not yet surveyed
under different assumptions about radial distribution of the
satellites [56].

The basis for considering these extremely faint stellar
systems as bona fide galaxies is the fact that unlike star
clusters, they are dark matter dominated: that is, the total
mass within their stellar extent is much larger than the
stellar mass expected for old stellar populations [48]. The
total dynamical masses of these galaxies are derived using
kinematics of stars. (These faint dwarf spheroidal galaxies
do not have cold gas and therefore their mass profiles
cannot be measured using the gas rotation curve, as is
commonly done for more massive dIrr galaxies.) High-
resolution spectroscopy of the red giant stars in the vicinity
of each galaxy provides the radial velocities of these stars.
The radial velocities can then be modeled using using the
Jeans equilibrium equations to derive the total mass profile
[75–80]. This modeling requires certain assumptions about
the unknown shape of the stellar distribution and velocity
distribution of stars, as well as assumptions about the
shape and radial profile of the dark matter distribution.
The resulting mass profile, therefore, has some uncertainty
associated with these assumptions [75, 78, 80].

Additionally, the ultra-faint dwarfs follow scaling rela-
tions of the brighter classical satellites such as the luminosity-
metallicity relation [73] and, therefore, seem to be the low
luminosity brethren within the family of dSph galaxies.

3. Defining the Substructure Problem

As I noted above, comparison of theory and observations
in terms of the directly observable quantities such as
luminosities is possible only using a galaxy formation model.
These models, although actively explored [39, 81–87] (see
also Section 4.3) are considerably more uncertain than the
predictions of dissipationless simulations on the properties
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Figure 7: Comparison of the cumulative circular velocity functions,
N(> Vmax), of subhalos and dwarf satellites of the Milky Way within
the radius of 286 kpc (this radius is chosen to match the maximum
distance to observed satellites in the sample and is smaller than the
virial radius of the simulated halo, R337 = 326 kpc). The subhalo
VFs are plotted for the host halos with maximum circular velocities
of 160 km/s and 208 km/s that should bracket the Vmax of the actual
Milky Way halo. The VF for the observed satellites was constructed
using circular velocities estimated from the line-of-sight velocity
dispersions as Vmax =

√
3σr (see the discussion in the text for the

uncertainties of this conversion).

of dark matter subhalos. Given that observed dwarf satellites
are very dark matter dominated, the dissipative processes
leading to formation of their stellar component are expected
to have a limited effect on the distribution of the dynamically
dominant dark matter. Fruitful comparison between simula-
tion predictions and observations is, therefore, possible if a
quantity related to the total mass profile can be measured in
the latter.

The first attempts at such comparisons [8, 9] assumed
isotropy of the stellar orbits and converted the line-of-
sight velocity dispersion of stars in dSph satellites, σr ,
to estimate their maximum circular velocities as Vmax =√

3σr . The admittedly oversimplistic conversion was adopted
simply due to a lack of well-measured velocity profiles and
corresponding constraints on the mass distribution at the
time. Figure 7 shows such a comparison for the classical
satellites of the Milky Way and subhalo populations in
Milky Way-sized halos formed in the concordance ΛCDM
cosmology.(I did not include the new ultra-faint satellites in
the comparison both because their Vmax values are much
more uncertain and because their total number within
the virial radius requires uncertain corrections from the
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Figure 8: The mass function of dwarf satellites of the Milky Way,
where masses of subhalos and observed satellites are measured
within a fixed physical radius of 0.6 kpc. Adopted from [90].

and observed satellites of the Milky Way, where masses are
measured within a fixed physical radius of 600 pc (see also the
discussion in Section 4.3 and Figure 12). The figure shows
that the simulated and observed mass functions are different,
the conclusion similar to that derived from the comparison
of the circular velocity functions.

Thus, the discrepancy that is clearly seen in the com-
parison of circular velocity functions, measured with more
uncertainty in observations, persists if the comparison is
done using a much better measured quantity. Unfortunately,
the stellar distribution in most of the newly discovered ultra-
faint dwarf galaxies does not extend out to 600 pc radius
and m(r < 0.6 kpc) ≡ m0.6, therefore, cannot be measured
as reliably for these faint systems as for the classical dwarfs.
Similar comparisons have to be carried out using masses
within smaller radii. This puts stringent requirements on the
resolution of the simulations, as they need to reliably predict
mass distribution of subhalos within a few hundred parsec
radius. Such high-resolution simulations are now available
[31–33].

We can draw two main conclusions from the compar-
isons of the circular velocity functions and the more reliable
m0.6 mass functions of subhalos and observed satellites
presented in the previous sections, even taking into account
existing uncertainties in deriving circular velocities and the
total dynamical masses for the observed satellites. First,
the predicted abundance of the most luminous satellites is
in reasonable agreement with the data, even though the
statistics are small. Most MW-sized halos simulated in the
concordance ΛCDM cosmology have ∼1 SMC/LMC sized
(Vmax ≈ 50–70 km/s) subhalos within their virial radius.

This is not a trivial fact because the abundance of the
most massive satellites is determined by a subtle interplay
between the accretion rate of systems of corresponding
circular velocity and their disruption by the combined effects
of the dynamical friction and tidal stripping [95]. Dynamical
friction causes satellites to sink to the center at a rate which
depends on the mass and orbital parameters of satellite orbit.
Orbital parameters, in turn, depend on the cosmological
environment of the accreting host halo and are mediated by
the tidal stripping which reduces satellite mass as it sinks,
thereby rendering dynamical friction less efficient [96–99].
The fact that the concordance ΛCDM model makes an ab
initio prediction that the number of massive satellites that
can host luminous dwarfs is comparable to observations can
therefore be viewed as a success of the model.

Second, the slopes of both the circular velocity function
and the m0.6 mass function are different in simulations and
observations. This implies that we cannot simply match all
of the luminous satellites to the subhalos with the largest
Vmax andm0.6, as was sometimes advocated [89, 91]. Them0.6

mass function comparison, in particular, indicates that there
should be some subhalos with the m0.6 ∼ 107M! that do not
host the luminous galaxies, and some that do. As I discuss
in Section 4.2, this has a strong implication for the physical
interpretation of the difference in terms of galaxy formation
scenarios.

In summary, the substructure problem can be stated as the
discrepancy in the slopes of the circular velocity and m0.6 mass
functions inferred for observed satellites of the Milky Way and
the slopes of these functions predicted for dark matter subhalos
in the MW-sized host halos formed in the concordance ΛCDM
cosmology.

I believe that stated this way the problem is well defined.
Defining the problem in terms of the difference in the
actual number of satellites and subhalos is confusing at
best, as both numbers are fairly strong functions of subhalo
mass or stellar luminosity. Thus, for example, even though
the discovery of the ultra-faint dwarfs implies the possible
existence of hundreds of them in the halo of the Milky
Way [49, 75] (this fact has been used to argue that the
substructure problem has been “alleviated”), the most recent
simulations show that more than 100 000 subhalos of mass
msub > 105M! should exist in the Milky Way [31, 32].
(Indeed, it is not obvious a priori that subhalos of mass
105-106M! are too small to host luminous stellar systems
of stellar mass M∗ ∼ 103-104M! [100]—the stellar masses
corresponding to the luminosities of the faintest recently
discovered dwarfs. After all, the halos of this mass are
expected to be hosting formation of the very first stars [101].)
The substructure problem stated in the actual numbers
of satellites is therefore alive and well and has not been
alleviated in the least.

I would like to close this section by a brief discussion of
the comparison of spatial distribution of observed satellites
and subhalos. As I noted above, the radial distribution of the
observed satellites of the Milky Way is more compact than the
radial distribution of subhalos selected using their present
day mass or circular velocity [39, 57, 102]. In addition,
the observed satellites are distributed in a quite flattened



How to measure?

• count small galaxies / satellites

➡ missing satellite problem (see Kravtsov 2012 
for recent review)

➡ but low-mass subhalos could be dark...

• need gravitational probe to see dark halos/subhalos

• heating of tidal streams 
(e.g. Carlberg 2012)

• gravitational lensing!

The Astrophysical Journal, 748:20 (9pp), 2012 March 20 Carlberg

Table 1
Observed Stream Gap Statistics

Stream Gaps Length Width Age RGC n/n0
(kpc) (kpc) (Gyr) (kpc)

M31-NW 12 200 5 10 100 6
Pal 5 5 6.5 0.11 7 19 24
EBS 8 4.7 0.17 7 15 30
Orphan 2 30 1.0 3.9 30 20

for globular clusters and we do not expect molecular clouds
along the large radius orbit of the NW stream.

The rate equation, Equation (5), applied to the M31 NW
stream requires a minimum sub-halo mass of M̂ = 1.3×108 M"
and implies a total of 205 sub-halos, which is a factor of
7.3 higher than 28 known dwarf galaxies of M31 (Richardson
et al. 2011) but includes objects out to 433 kpc, of which the only
the inner 150 kpc radius volume has been carefully searched.
Therefore, the M31 stream does not demand a huge dark matter
sub-halo population by itself, but this analysis does recover the
well-known discrepancy which begins to appear for even fairly
massive sub-halos.

3.2. The Pal 5 Stream

A narrow stream is predicted to have more visible gaps
relative to a wider stream at a larger radius. The globular cluster
Pal 5 has both leading and trailing streams with the northern,
trailing arm having the most data in the Sloan Digital Sky Survey
(SDSS). With data made available before Data Release 1 (DR1),
Odenkirchen et al. (2003) found the stream to be about 6◦ long
and measured the width to be 0.11 kpc. With the better coverage
of SDSS DR4, Grillmair & Dionatos (2006) found that the
northern arm was about 18.◦5 and provided a surface density
contour plot showing the considerable variation in the surface
density of the stream. The density variations closest to the cluster
are convincingly explained as epicyclic pileups of stars tidally
stripped from the cluster (Küpper et al. 2010, 2011); however,
beyond about 1 kpc (2.◦5) the variation in phase angles smooths
out this behavior. From the published Figure 3 of Grillmair &
Dionatos (2006) we count regions in the stream below the lowest
contour to find that there are about five gaps over the outer 16◦

of the northern tail of Pal 5. Odenkirchen et al. (2003) estimated
that the 5◦–6◦ of stream took about 2 Gyr to fill out, which scaled
to the 18.◦5 length gives an age of about 7 Gyr. With these values
we estimate the linear gap creation rate in the northern stream of
Pal 5 to be about 0.11 kpc−1 Gyr−1 to which we assign an error
of 50% based on uncertainties in the gap counts and stream age.

3.3. The EBS Stream

Grillmair (2011) finds that the EBS is 0.17 kpc wide and
located at a galactocentric distance of about 15 kpc. Figure 4
of his paper plots the density along the 18◦ of the stream with
an estimate error of 30% in each bin of 0.◦5. We estimate that
there are between about 4 and 12 gaps along the stream. We
will take the stream age to be approximately 7 Gyr to derive
a gap creation rate of 0.24 gaps kpc−1 Gyr−1, with about a
factor-of-two uncertainty in this value.

3.4. The Orphan Stream

The Orphan Stream (Grillmair 2006; Belokurov et al. 2006,
2007) has received considerable attention, culminating with a
detailed orbital model (Newberg et al. 2010). Increasing the

Figure 11. Estimated gap rate vs. stream width relation for M31 NW, Pal 5,
the EBS, and the CDM halo prediction. All data are normalized to 100 kpc.
The width of the theoretical relation is evaluated from the dispersion in the
length–height relation of Figure 8. Predictions for an arbitrary alternative mass
functions, N (M) ∝ M−1.6, normalized to have 33 halos above 109 M" are
shown with a dotted line.

mean distance from 20 to 30 kpc revises Grillmair’s (2006)
estimated width of 700 pc–1 kpc. Gaps are marginally present in
Figure 5 of Newberg et al. (2010) at −16◦ and −31◦, particularly
when compared to the bottom panel of their Figure 17. We
estimate that there are two gaps present, although we will allow
a 100% error on this estimate. Newberg et al. (2010) present a
model that estimates the age of the stream to be about 3.9 Gyr.
If we used the dynamical age of 3.9 Gyr rather than a uniform
7 Gyr the correction would raise the Orphan data into better
agreement with the prediction.

The estimated rate of gap creation in the EBS stream with
Equation (5) implies a minimum halo mass of M̂ & 1×105 M".
The derived minimum mass implies a total of 1×105 sub-halos,
although we note that both the mass and in turn the implied total
number of sub-halos are sensitive to the gap rate estimate and
the details of the model in Equation (5). Possible complications
for the EBS stream is that the sub-halos are subject to erosion
by the disk and bulge (D’Onghia et al. 2010) and the stream
may encounter smaller scale structures such as spiral arms and
molecular clouds which could add to gaps in the stream.

4. COMPARISON OF PREDICTIONS
AND OBSERVATIONS

The observed stream gap rate and width estimates are sum-
marized in Table 1. The results of this paper are largely encapsu-
lated in Figure 11, which plots the measured and predicted gap
rates against the widths of the streams. The data have all been
rescaled to a galactocentric distance of 100 kpc using n(r)/n0
and r in Equation (11). The agreement of the data and the CDM
sub-halo prediction is remarkable. We show the relation for an
arbitrary shallower N (M) ∝ M−1.6 normalized to have the same
number, 33, of sub-halos above 109 M" present in the LCDM
prediction. This alternative demonstrates that the slope of the
relation needs to be quite close to the LCDM value to account
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• the deflection of light rays 
caused by inhomogeneities

• also distorts the apparent shapes 
& sizes of observed sources

• amount of lensing characterized 
by convergence κ ~ ∫ δρ dl

• Two regimes:

✦ weak lensing (|κ| ≪ 1) :
small distortion

✦ strong lensing (κ ≳ 1) : large 
distortion & multiple imaging

Gravitational lensing



subhalo lensing

small (M<108 M☉) halos and subhalos are wimpy 
lenses!

• small size (≲ kpc), so each one affects a small 
fraction of the sky

• lensing amplitude is weak (central κ,γ ≲ 0.1) 

• need a way to boost their effect to detect 
them...



	

 strong lensing

• if a small halo/subhalo projects near a 
strong lens, then the big lens can magnify 
the lensing effect of the small halo

�✓ ⇡ M ·�↵

if high magnification,
then perturbation
can have big effect!
(Mao & Schneider 1998)



• when 2 images are close 
together, they should have 
nearly equal brightness

universality relations
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• when 2 images are close 
together, they should have 
nearly equal brightness

• similar relation when 3 
images occur close 
together:

universality relations

�f

f
/ �r

rs

fA � fB + fC
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universality relations
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f
/ �r

rs

fA � fB + fC
fA + fB + fC

/ �r

rs

B1555+375, CLASS survey (Browne et al. 2003) B2045+265, CLASS survey (Browne et al. 2003)



flux anomalies

• implication: local scale length rs is much smaller 
than size of the system ⟹ substructure in the 
potential

• in radio quasars, flux ratio anomalies can only be 
caused by mass substructure (not true for optical 
lenses)

• flux anomalies occur in almost all of the observed 
quasar lenses ⟹ lots of substructure!



how do we know it’s 
substructure?

• radio flux ratios independent of λ, as 
expected for lensing but unlike propagation 
effects (like scintillation or dust extinction)

• observed parity dependence: 
+ parity magnified,  – parity demagnified

• radio quasars too big to be affected by 
stellar microlensing, unlike stellar QSO’s.

• see Kochanek & Dalal (2003) for more...



• Dalal & Kochanek 
(2002) analyzed 
sample of 7 radio 
lenses

• found that ~ 1-2% of 
projected mass at 
5kpc is in substructure

analysis of radio lenses

~1010M☉

~106M☉



how to improve?

• DK02 analyzed a tiny sample (7 lenses), but many 
more lenses are known, e.g. >100 optical lenses

• unfortunately, optical QSO’s are affected by 
extinction and stellar microlensing

• can circumvent with mid-IR fluxes, but most 
QSO’s are faint in mid-IR

• galaxy lenses (e.g. SLACS) are really challenging 
(see, e.g., Vegetti et al. 2012)



how to improve?

• we need a new class of lensed sources! 



T. Crawford, Recent Results from the South Pole Telescope, FNAL, March 30, 2009

Lots of bright 
emissive sources

~15-sigma SZ 
cluster detectionAll these “large-scale”

fluctuations are primary CMB.

Zoom in on 2 mm map
~ 4 deg2 of actual data

1' resolution

24



8

Lagache+ 2005

Stellar bump from old stars

Starlight absorbed by dust

Dust re-emits in the FIR

UV from young, hot stars

8

courtesy of J. Vieira



so what?
• why should we care about SPT’s SMGs?

• because they’re (basically) all lensed!
3 SUBMILLIMETER GALAXIES: A NEW SOURCE OF STRONG LENSES

Adopting r5 1.5 kpc, the star-formation efficiency is e< 0.02, which
is consistent with that derived for local ultra-luminous infrared
galaxies17 and archetypal high-redshift sub-millimetre galaxies9, but
a factor of 20 lower than the most extreme ‘hyper’-starbursts at z< 6
(ref. 18).

Sub-Millimeter Array observations spatially resolve the galaxy’s
870-mm (345-GHz) continuum emission with a 0.299 synthesized
beam, providing a detailed view of the galaxy’s morphology. Figure 1
shows eight discrete components over ,499 in projection. These
represent two mirror images of the source, each comprising four
separate emission regions, reflected about the lensing critical curve.
Themap contains a total flux of S850mm5 (866 3)mJy, or (826 2)%
of the flux in the LABOCA map, suggesting that the structures in the
Sub-MillimeterArraymapcontain thebulkof the870-mmluminosity.
Reconstructing the source-plane image, the galaxy comprises four
bright star-forming regions in the source plane (A, B, C andD), which
are separated by 1.5 kpc in projection (A and B are separated by
,800 pc, C and D by ,450 pc). Assuming the dynamics of the CO
emission trace the virialized potential well of the galaxy, then on these
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Figure 1 | Multi-wavelength images of the galaxy cluster MACSJ2135-
0102. a, Hubble Space Telescope VI-band colour image of the galaxy cluster
with white contours denoting the 870-mm emission from observations with
LABOCA on the APEX telescope. Contours denote 5s, 10s, 15s, 20s, 25s
and 30s (with root-mean-square noise of 3.5mJy), identifying a sub-
millimetre galaxy with flux 106.06 7.0mJy (the quoted error on the galaxy
flux includes calibration uncertainties) at a5 21:35:11.6, d5201:02:52.0
(J2000), which is associated with a faint optical counterpart with magnitude
IAB5 23.66 0.2. The solid red lines denote the z5 2.326 radial and
tangential critical curves from the best-fit lens model. b, True-colour IRAC
3.6 mm, 4.5mm, 8.0 mm image of the cluster core with contours denoting the
350-mm emission from observations with the Submillimetre APEX
Bolometer Camera (SABOCA). Contours are spaced at 5s, 10s, 15s and 20s
(with root-mean-square noise of 23mJy); the 350 mm flux is 5306 60mJy.
The mid-infrared counterpart is clearly visible as an extended red galaxy
centred at the sub-millimetre position. The LABOCA and SABOCA full-
width at half-maximum (FWHM) beams are 1999 and 899 respectively. The
origins of both images are on the lensed galaxy with north up and east left.
c, Sub-Millimeter Array 870-mm image of the lensed galaxy. The map shows
eight individual components, separated by up to 499 in projection. The
contours denote the 870-mm emission and start at 3s and are spaced by 1s
(where 1s is 2.1mJy). The red line is the same z5 2.326 radial critical curve
as in a and b. The components (A, B, C and D) represent two mirror images
of the galaxy, each comprising four separate emission regions reflected about
the lensing critical curve. The inset shows the 0.33993 0.2199 synthesized
beam with position angle of 15u east of north.
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Figure 2 | Carbon monoxide observations of SMMJ213520102 obtained
with the Green Bank Telescope and Plateau de Bure Interferometer. The
redshift of z5 2.32596 0.0001 was derived from observations using
Zpectrometer, a wide-band spectral instrument on the Green Bank
Telescope28. a, Zpectrometer CO(1–0) spectrum, showing a double-horned
profile with a velocity offset of (2906 30) km s21 between the two peaks.
b, Plateau de Bure observations of the CO(3–2) emission, confirming both
the redshift and the multiple velocity components seen in CO(1–0). The
CO(3–2)/CO(1–0) flux ratio of 5.96 0.3 suggests that the molecular gas is
subthermally excited and we therefore derive a cold gas mass of
Mgas5M(H21He)5 aL9CO(1–0)5 (1.66 0.1)3 1010M[ with a5 0.8 (we
adopt a cosmology withVL5 0.73,Vm5 0.27 andH05 72 km s21Mpc21).
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Figure 4: Left: Source counts from the Herschel-ATLAS survey. At the highest fluxes, strongly
lensed sources dominate in number over unlensed sources [51]. Middle: Confirmation that two
of the brightest SMGs from H-ATLAS are indeed strongly lensed [51]. ID81 is a 4-image lens in
a cusp geometry, while ID130 is a 2-image lens. The upper panels show 880 µm SMA imaging,
while the Keck i-band imaging in the lower panels show the lens galaxies. Right: High resolution
SMA imaging of a lensed SMG reveals multiply imaged clumps in a fold geometry [49]. Note the
apparent flux anomaly among the A and B image pairs.

clumps will have somewhat larger sizes of order ⇠ 10 � 100 pc [48, 49]. At cosmological
distances, these clumps subtend angular sizes of order ⇠ 1 � 10 mas, well matched to the
angular size suitable for probing massive DM substructure while remaining insensitive to
stellar microlensing.

To study DM substructure with these sources, we require large numbers of them to be
strongly lensed. Fortuitously, almost all of the bright DSFG’s discovered by wide surveys
like SPT [50] will be strongly lensed. The reason for this is explained by Negrello et al.
[51] and summarized in Fig. 4a, taken from that paper. The intrinsic luminosity function of
submm galaxies falls o↵ exponentially at the bright end, whereas the probability distribution
for lensing magnification µ decays only as a power law at high µ. Therefore, the very
brightest SMGs are likely to be strongly lensed. This prediction was confirmed by [51],
who performed high resolution submm imaging with SMA and near-IR imaging with Keck
of two bright SMGs, shown below in Fig. 4b, also from their paper. Both were found
to be strongly lensed, with typical image morphologies, produced by foreground (z ⇠ 0.9)
elliptical galaxies. High resolution submm imaging of similar lensed SMGs resolves the lensed
images into distinct sub-components corresponding to distinct compact star forming clumps
in the source galaxy, see Fig. 4c below for a good example at lower resolution [49] . In the
near future, we can expect wide-area surveys like SPT to discover hundreds of such strong
lenses. Because the intrinsic SMG luminosity function falls so steeply, the brightest of these
lenses will be highly magnified, making them especially sensitive to perturbations from DM
substructure. Because the universe is optically thin to submillimeter radiation, we do not
expect that propagation e↵ects will modify image flux ratios, and the same parity dependence
of substructure perturbations found in the radio lenses should be present in submm flux
anomalies as well, providing a powerful diagnostic of the e↵ects of DM substructure.

These recent advances already make lensed SMGs appear quite promising as probes of

7

Negrello et al. (2010)



Only through the combination of strong gravitational lensing, the SPT 
selection, and ALMA followup is this result possible

ALMA Cycle 0 Band 7 350 GHz
2 minute snapshots

= deep NIR imaging

= 2 minute ALMA 350 GHz snapshot8" x 8" boxes



= NIR imaging

= submm imaging
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SPT 0346-52
zS = 5.67 ; zL ~ 0.8
rE = 1.1 arcsec
ML = 3.7 x 1011 M☉
μ = 5.4

ΣFIR = 24x1012 L☉/kpc2

R1/2 = 0.6 kpc
LFIR = 3.7 x 1013 L☉
S850μm = 25.5 mJy

dirty image model image residual source model

SPT 418-47
zS = 4.22 ; zL = 0.27
rE = 1.4 arcsec
ML = 2.4 x 1011 M☉
μ = 21

ΣFIR = 0.74x1012 L☉/kpc2

R1/2 = 1.1 kpc
LFIR = 3.8 x 1012 L☉
S850μm = 4.8 mJy

SPT 0529-54
zS = 3.37 ; zL = 0.13
rE = 1.5 arcsec
ML = 1.6 x 1011 M☉
μ = 9.4

ΣFIR = 0.15x1012 L☉/kpc2

R1/2 = 2.4 kpc
LFIR = 3.8 x 1012 L☉
S850μm = 13 mJy

SPT 0538-50
zS = 2.782 ; zL = 0.4
rE = 2.0 arcsec
ML = 7.2 x 1011 M☉
μ = 20.5

ΣFIR = 1.0x1012 L☉/kpc2

R1/2 = 1.0 kpc
LFIR = 4.5 x 1012 L☉
S850μm = 6.1 mJy

Hezaveh et al. (2013)

Lens models



okay.... so what?
• lensed SMG’s are perfect for 

detecting substructure!

• theoretically, we expect these 
galaxies to contain many 
compact star-forming 
clumps (~10-100pc) inside 
much bigger GMC’s (~kpc).  
see also local analogues like 
Arp 220

• clumps are extremely bright 
in lines like CO 7-6

• example: high resolution SMA 
imaging of lensed SMG reveals 
compact source clumps 
(Swinbank et al. 2010)

Adopting r5 1.5 kpc, the star-formation efficiency is e< 0.02, which
is consistent with that derived for local ultra-luminous infrared
galaxies17 and archetypal high-redshift sub-millimetre galaxies9, but
a factor of 20 lower than the most extreme ‘hyper’-starbursts at z< 6
(ref. 18).

Sub-Millimeter Array observations spatially resolve the galaxy’s
870-mm (345-GHz) continuum emission with a 0.299 synthesized
beam, providing a detailed view of the galaxy’s morphology. Figure 1
shows eight discrete components over ,499 in projection. These
represent two mirror images of the source, each comprising four
separate emission regions, reflected about the lensing critical curve.
Themap contains a total flux of S850mm5 (866 3)mJy, or (826 2)%
of the flux in the LABOCA map, suggesting that the structures in the
Sub-MillimeterArraymapcontain thebulkof the870-mmluminosity.
Reconstructing the source-plane image, the galaxy comprises four
bright star-forming regions in the source plane (A, B, C andD), which
are separated by 1.5 kpc in projection (A and B are separated by
,800 pc, C and D by ,450 pc). Assuming the dynamics of the CO
emission trace the virialized potential well of the galaxy, then on these
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Figure 1 | Multi-wavelength images of the galaxy cluster MACSJ2135-
0102. a, Hubble Space Telescope VI-band colour image of the galaxy cluster
with white contours denoting the 870-mm emission from observations with
LABOCA on the APEX telescope. Contours denote 5s, 10s, 15s, 20s, 25s
and 30s (with root-mean-square noise of 3.5mJy), identifying a sub-
millimetre galaxy with flux 106.06 7.0mJy (the quoted error on the galaxy
flux includes calibration uncertainties) at a5 21:35:11.6, d5201:02:52.0
(J2000), which is associated with a faint optical counterpart with magnitude
IAB5 23.66 0.2. The solid red lines denote the z5 2.326 radial and
tangential critical curves from the best-fit lens model. b, True-colour IRAC
3.6 mm, 4.5mm, 8.0 mm image of the cluster core with contours denoting the
350-mm emission from observations with the Submillimetre APEX
Bolometer Camera (SABOCA). Contours are spaced at 5s, 10s, 15s and 20s
(with root-mean-square noise of 23mJy); the 350 mm flux is 5306 60mJy.
The mid-infrared counterpart is clearly visible as an extended red galaxy
centred at the sub-millimetre position. The LABOCA and SABOCA full-
width at half-maximum (FWHM) beams are 1999 and 899 respectively. The
origins of both images are on the lensed galaxy with north up and east left.
c, Sub-Millimeter Array 870-mm image of the lensed galaxy. The map shows
eight individual components, separated by up to 499 in projection. The
contours denote the 870-mm emission and start at 3s and are spaced by 1s
(where 1s is 2.1mJy). The red line is the same z5 2.326 radial critical curve
as in a and b. The components (A, B, C and D) represent two mirror images
of the galaxy, each comprising four separate emission regions reflected about
the lensing critical curve. The inset shows the 0.33993 0.2199 synthesized
beam with position angle of 15u east of north.
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Figure 2 | Carbon monoxide observations of SMMJ213520102 obtained
with the Green Bank Telescope and Plateau de Bure Interferometer. The
redshift of z5 2.32596 0.0001 was derived from observations using
Zpectrometer, a wide-band spectral instrument on the Green Bank
Telescope28. a, Zpectrometer CO(1–0) spectrum, showing a double-horned
profile with a velocity offset of (2906 30) km s21 between the two peaks.
b, Plateau de Bure observations of the CO(3–2) emission, confirming both
the redshift and the multiple velocity components seen in CO(1–0). The
CO(3–2)/CO(1–0) flux ratio of 5.96 0.3 suggests that the molecular gas is
subthermally excited and we therefore derive a cold gas mass of
Mgas5M(H21He)5 aL9CO(1–0)5 (1.66 0.1)3 1010M[ with a5 0.8 (we
adopt a cosmology withVL5 0.73,Vm5 0.27 andH05 72 km s21Mpc21).
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Compact Sources Are Perturbed More Strongly



Spatially resolved spectroscopy

ENGEL ET AL 2010, APJ



Velocity decomposition can separate 
small features of the source

so each SMG is equivalent to having 
many sources behind each lens!



Simulations of ALMA 
observations

n observe high excitation lines (e.g. CO 7-6) 

n use most extended configuration in Cycle 1, one hour 
total integration 

Low excitation lines need low 
temperatures and densities to be excited. 
The whole molecular reservoirs of the 

galaxies will be emitting these lines over 
large extended regions.

e.g. CO  1-0  2-1 e.g. CO 7-6 HCN HCO+ H2O

High excitation lines need higher 
temperatures and densities to be 

excited. They are dense gas tracers and 
are emitted from the compact cores of 

star forming clumps
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HEZAVEH, DALAL ET AL 2012, APJ IN PRESS

expect ~ O(1) detections 
in each lens system

even the low-magnification 
systems can be useful!



cosmology constraints
• existing sample (DK02) is 7 quasar lenses

• from SPT we expect ~100 SMG lenses, and each 
SMG lens is much more constraining than a quasar

• How do these measurements translate into bounds 
on cosmology?



cosmology constraints
• existing sample (DK02) is 7 quasar lenses

• from SPT we expect ~100 SMG lenses, and each 
SMG lens is much more constraining than a quasar

• How do these measurements translate into bounds 
on cosmology?

• We don’t know – currently limited by theory!  we 
don’t know how to calculate substructure as a 
function of WDM, etc.  

- we’re working on it (Arka Banerjee)

- other statistics besides mass function might be 
more useful, e.g. substructure power spectrum



Conclusions:
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Conclusion:

• SMG lensing is great for DM substructure

• stay tuned!


